Proper Actions of Lie Groups 
of Dimension n 2 + 1 
on n-Dimensional Complex Manifolds^ 

A. V. Isaev and N. G. Kruzhilin 

In this paper we continue to study actions of high-dimensional Lie 
groups on complex manifolds. We give a complete explicit description 
of all pairs (M, G), where M is a connected complex manifold M of 
dimension n > 2, and G is a connected Lie group of dimension n 2 + 1 
acting effectively and properly on M by holomorphic transformations. 
This result complements a classihcation obtained earlier by the first 
author for n 2 + 2 < dimG < n 2 + 2n and a classical result due to W. 
Kaup for the maximal group dimension n 2 + 2n. 



Introduction 

Let M be a connected C°°-smooth manifold and Diff(M) the group of C°°- 
smooth diffeomorphisms of M endowed with the compact-open topology. A 
topological group G is said to act continuously on M by diffeomorphisms, if 
a continuous homomorphism $ : G — > Diff(M) is specified. The continuity 
of $ is equivalent to the continuity of the action map 

$ : G x M —> M, (g,p) h-> <f>(g)(p) =: gp. 

We only consider effective actions, that is, assume that the kernel of $ is 
trivial. 

The action of G on M is called proper, if the map 

* : G x M -> M x M, (g,p)^ (gp,p), 

is proper, i.e. for every compact subset C C M x M its inverse image 
V I /_1 (C) C G x M is compact as well. For example, the action is proper if 
G is compact. The properness of the action implies that: (i) G is locally 
compact, hence by [BMT]. |BM2j (see also |MZj ) it carries the structure of 
a Lie group and the action map <E> is smooth; (ii) $ is a topological group 
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isomorphism between G and $(G); (iii) $(G) is a closed subgroup of Diff(M) 
(see [Bi] for a brief survey on proper actions). Thus, one can assume that G 
is a Lie group acting smoothly and properly on the manifold M, and that it 
is realized as a closed subgroup of Diff(M). 

Suppose now that M is equipped with a Riemannian metric £f , and let 
Isom(M, be the group of all isometries of M with respect to It was 
shown in [MS] that Isom(M, ($) acts properly on M (and so does its every 
closed subgroup). Conversely, by |Palj (see also [AT]) , for any Lie group acting 
properly on M there exists a G°°-smooth G-invariant metric on M. It then 
follows that Lie groups acting properly and effectively on the manifold M by 
diffeomorphisms are precisely closed subgroups of Isom(M, £f) for all possible 
smooth Riemannian metrics £f on M. 

If G acts properly on M, then for every p G M its isotropy subgroup 

G p := {g G G : gp = p] 

is compact in G. Then by [Bo] the isotropy representation 

a p : G p -> GL(R, T P (M)), g ^ dg{p) 

is continuous and faithful, where T P (M) denotes the tangent space to M at 
p and dg{p) is the differential of g at p. In particular, the linear isotropy 
subgroup 

LG p := a p (G p ) 

is a compact subgroup of GL{R, T p (M)) isomorphic to G p . In some coordi- 
nates in T P (M) the group LG P becomes a subgroup of the orthogonal group 
O m (M), where m := dimM. Hence dimG p < dimO m (lR) = m(m — l)/2. 
Furthermore, for every p G M its orbit 

Gp := {gp:ge G} 

is a closed submanifold of M, and dimGp < m. Thus, setting do '■= dimG, 
we obtain 

da = dimGp + dimGp < m{m + l)/2. 

It is a classical result (see [F], [Caj . [El] ) that if G acts properly on a 
smooth manifold M of dimension m > 2 and g?g = m(m + l)/2, then M 
is isometric (with respect to some G-invariant metric) either to one of the 
standard complete simply-connected spaces of constant sectional curvature 
M m , S m , H m (where M m is the hyperbolic space), or to MP m . Next, it was 
shown in |Wa] (see also Eg], [Yl] ) that a group G with m{m— l)/2+l < d G < 
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ra(m+l)/2 cannot act properly on a smooth manifold M of dimension m^4. 
The exceptional 4-dimensional case was considered in [Ishj], and it turned 
out that a group of dimension 9 cannot act properly on a 4-dimensional 
manifold. Furthermore, it was shown in |Ishj that if a 4-dimensional manifold 
admits a proper action of an 8-dimensional group G, then it has a G-invariant 
complex structure; this is the case of complex n-dimensional manifolds (for 
n = 2) admitting proper actions of (n 2 + 2n)-dimensional groups that will 
be discussed later. 

There exists also an explicit classification of pairs (M, G), where m > 4, G 
is connected, and d G = m(m — l)/2 + 1 (see |Ylj . [Kuj . [Ob] . |Ishj ). Further, 
in [KN] a reasonably explicit classification of pairs (M, G), where m > 6, G is 
connected, and (m — l)(m — 2)/2 + 2 < do < m{m — 1)/2, was given. We also 
mention a classification of G-homogeneous manifolds for m = 4, d G = Q (see 
|Ish] ) and a classifications of G- homogeneous simply-connected manifolds in 
the cases m = 3, d G = 3, 4 and m = 4, = 5 (see |Caj . [Patj ) obtained by E. 
Cartan's method of adapted frames introduced in [CaJ. There are many other 
results, especially for compact subgroups, but - to the best of our knowledge 
- no complete classifications exist beyond dimension (m — l)(m — 2)/2 + 2 
(see |Ko2] . [Y2] and references therein for further details). 

We study proper group actions in the complex setting. From now on, M 
will denote a complex manifold of complex dimension n (hence m = 2n) and 
G will be a subgroup of Aut(M), the group of all holomorphic automorphisms 
of M. We will be classifying pairs (M, G), but we will not be concerned 
with determining G-invariant Riemannian metrics on M. Proper actions 
by holomorphic transformations are found in abundance. A fundamental 
result due to Kaup (see |Kaj ) states that every closed subgroup of Aut(M) 
that preserves a continuous distance on M acts properly on M. Thus, Lie 
groups acting properly and effectively on M by holomorphic transformations 
are precisely those closed subgroups of Aut(M) that preserve continuous 
distances on M. In particular, if M is a Kobayashi-hyperbolic manifold, 
then Aut(M) is a Lie group acting properly on M (see also [Kolj ). 

In the complex setting, in some coordinates in T p (M) the group LG P 
becomes a subgroup of the unitary group U n . Hence dimG p < dimU n = n 2 , 
and therefore 

d G <n 2 + 2n. 

We note that n 2 + 2n < (m — l)(m — 2)/2 + 2 for m = 2n and n > 5. Thus, 
the group dimension range that arises in the complex case, for n > 5 lies 
strictly below the dimension range considered in the classical real case and 
therefore is not covered by the existing results. Furthermore, overlaps with 
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these results for n = 3,4 and n — 2, cIg — 6 occur only in relatively easy 
situations and do not lead to any significant simplifications in the complex 
case. The only interesting overlap with the real case occurs for n = 2, do = 5 
(see |Patj ); we will briefly discuss it below. Note that in the situations 
when overlaps do occur, the existing classifications in the real case do not 
necessarily immediately lead to classifications in the complex case, since the 
determination of all G-invariant complex structures on the corresponding 
real manifolds may be a non-trivial task. 

It was shown by Kaup in |Ka] that if dc = n 2 + 2n, then M is holomorphi- 
cally equivalent (in fact, holomorphically isometric with respect to some G- 
invariant metric) to one of B n := {z G C n : \z\ < 1}, C n , CP n , and an equiva- 
lence map F can be chosen so that the group 
F o G o F^ 1 := {F o g o F^ 1 : g G G} is, respectively, one of the groups 
Aut(B n ), G(C n ), G(CP n ). Here Aut(B n ) ~ PSU n>1 := SU Ujl / (center) is the 
group of all transformations 

Az + b 
cz + d 

where 

( c \ ) £ SU ^ 

G (C n ) — U n x C n is the group of all holomorphic automorphisms of C n of 
the form 

z^Uz + a, (0.1) 

where U G Z7 n , a G C n (we usually write G (C) instead of (^(C 1 )); and 
G (CP™) ~ PSU n+ i := SU n+ \/ (center) is the group of all holomorphic auto- 
morphisms of CP n of the form 

C ^ U(, (0.2) 

where ( is a point in CP n written in homogeneous coordinates, and U G 
SU n+ \ (this group is a maximal compact subgroup of the complex Lie group 
Aut(CP n ) ~ PSL n+l {C) := SL n+1 (C)/ (center)). We remark that the groups 
Aut(B n ), G(C n ), G(CP n ) are the full groups of holomorphic isometries of the 
Bergman metric on B n , the flat metric on C n , and the Fubini-Study metric 
on CP n , respectively, and that the above result due to Kaup can be obtained 
directly from the classification of Hermitian symmetric spaces (cf. |Akj . pp. 
49-50). 

In the above situation we say for brevity that F transforms G into one 
of Aut(B n ), G(C n ), G(CP"), respectively, and, in general, if F : M 1 -> 
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M 2 is a biholomorphic map, Gj C Aut(Mj), j = 1,2, are subgroups and 
F o G\ o = G2, we say that F transforms G\ into G*2- If for two pairs 
(Mi,Gi) and (M 2 ,G2) one can find such a map, we say that the pairs are 
equivalent. 

We are interested in characterizing pairs (M, G) up to this equivalence 
relation for da < n 2 + 2n, where G C Aut(M) is connected and acts on M 
properly. In [IKra] , [15] a complete classification was obtained for n 2 + 2 < 
g?g < n 2 + 2n. Furthermore, in [IKraj . [IT] . [12] . [13] we considered the special 
case where M is a Kobayashi- hyperbolic manifold and G = Aut(M), and 
determined all manifolds with n 2 — 1 < c?Aut(M) < ^ 2 + 2n, n > 2 (see [H] 
for a comprehensive exposition of these results). 

In the present paper we assume that da = n 2 + 1. This is the next 
group dimension down from the range n 2 + 2 < do < n 2 + 2n considered in 
|IKraj . [To] . Note that n 2 + 1 is the lowest group dimension for which proper 
actions are necessarily transitive (it is shown in [Kaj that G-homogeneity 
always takes place for dc > n 2 ); indeed, for dc = n 2 both homogeneous 
and non-homogeneous manifold occur (see [H]). For do = n 2 + 1 we have 
dimGp — {n — l) 2 , and we start by describing connected subgroups of the 
unitary group U n of dimension {n— l) 2 in Proposition [TTT] (see Section [T]), thus 
determining the connected identity components of all possible linear isotropy 
subgroups. According to this description, every action falls into one of three 
types. In Sections (2J [3] we deal with actions of type I and II, respectively, 
and obtain complete lists of the corresponding pairs (M, G) in Theorems 
12.11 and 13.11 Actions of type III are more difficult to deal with. In Section 
H] we give a large number of examples of such actions and show that these 
examples provide a complete description of actions of type III (see Theorem 
14.11) . This is the main result of the paper. Taken together, Theorems 12.11 
I3TT1 IO describe all pairs (M, G) with d G = n 2 + 1. 

Regarding Theorems 12.11 13.11 14. II for n = 2, 3 some remarks are in order. 
Firstly, all connected 2- and 3-dimensional complex manifolds that admit 
transitive actions of Lie groups by holomorphic transformations were deter- 
mined in |HLj . [OR] . [Wij . However, it was not the aim of those articles to 
give a description of all possible transitive actions, and, indeed, most actions 
listed in Theorems 12.11 13.1} 14.11 do not occur there. Hence our classification 
for n = 2, 3 does not follow from [HL] . [ORj . [Wij . Secondly, as we have 
already mentioned, a classification of all effective proper transitive actions of 
connected 5-dimensional Lie groups on simply-connected real 4-dimensional 
manifolds was given in [Pat] (see also [Ish] ) . Therefore, one can attempt to 
obtain Theorem 14.11 for n = 2 by, firstly, determining all invariant complex 
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structures on the real manifolds occurring in [Patj and, secondly, by pass- 
ing to their quotients to produce a complete list of manifolds from that of 
simply-connected ones. Finally, we have been informed by G. Fels that he 
has recently obtained Theorem 14.11 for n = 2 by an alternative method. 

Acknowledgements. Part of this work was done while both authors were 
visiting the Ruhr-Universitat Bochum in January-February 2007, with the 
first author's visit partially supported by the Alexander von Humboldt- 
Stiftung. Also, a large amount of work on the paper was done during the first 
author's visit to the Max-Plank Institut fiir Mathematik in Bonn in April- 
May 2007. The research of the second author was supported by the RFBR 
(grant no. 05-01-0981a) and the Program of Support of Scientific Schools of 
the RF. We would like to thank G. Fels for making a large number of useful 
comments and interest in our work. 

1 Classification of Linear Isotropy Subgroups 

In this section we prove the following proposition that extends Lemma 2.1 
of [TKnij . 

Proposition 1.1 Let H be a connected closed subgroup ofU n of dimension 
{n — l) 2 , n>2. Then H is conjugate in U n to one of the following subgroups: 

I. e m SO s (R) (heren = 3); 

II. SU n -i x U\ realized as the subgroup of all matrices 

( ) ■ ("> 

where A G SU n -\ and 6 G R, for n > 3; 

III. the subgroup H% k2 of all matrices 

(2 2). m> 

where k±, A; 2 are fixed integers such that (kx, k 2 ) — 1, k\ > 0, and A G U n -i, 
aE (detA)^ := exp(k 2 /k 1 Ln (det A))S 

*For fc 2 ^ the group k2 is a fci-sheeted cover of U n _\. 
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Proof: Since H is compact, it is completely reducible, i.e. C n splits into 
the sum of iZ-invariant pairwise orthogonal complex subspaces, C n = V\ © 
■ ■ ■ © V m , such that the restriction Hj of H to each Vj is irreducible. Let 
rij := dimcV^- (hence ri\ H hn m = n) and let [/„. be the group of unitary- 
transformations of Vj-. Clearly, ifj C U n ., and therefore dimi? < n\ + ■ ■ • + 
n? m . On the other hand dimH = (n — l) 2 , which shows that m <2. 

Let m = 2. Then there exists a unitary change of coordinates in C n such 
all elements of H take the form (II. 2p . where A G and a EU\. We note 
that the groups Hi, H 2 consist of all possible A and a, respectively. 

If dimif 2 = 0, then H 2 = {1}, and therefore Hi = U n _i. In this case we 
obtain the group H™ . 

Assume that dimi^2 = 1, i-e., H 2 = U\. Then (n — l) 2 — 1 < dimiJi < 
(n — l) 2 . Let dimifi = (n — l) 2 — 1 first. The only connected subgroup 
of U n -i of dimension (n — l) 2 — 1 is SU n -\. Hence H is conjugate to the 
subgroup of matrices of the form (11.11) if n > 3 and to Hf for n — 2. Now 
let dimf/x = (n— l) 2 , i.e., Hi = f/ n _i. Consider the Lie algebra 1) of H. Up 
to conjugation, it consists of matrices of the form 



21 
/(SI) 



1.3) 



where 21 G u n _i and Z(2l) ^ is a linear function of the matrix elements 
of 21 ranging in zR. Clearly, Z(2l) must vanish on the derived algebra of 
Un-i, which is 5u n _i. Hence matrices (11.31) form a Lie algebra if and only if 
Z(2l) = c • trace 21, where c6l\ {0}. Such an algebra can be the Lie algebra 
of a closed subgroup of U n _i x Ui only if c G Q \ {0}. Hence H is conjugate 
to H% k2 for some hi, k 2 G Z, where one can always assume that ki > and 

Now let m = 1. We shall proceed as in the proof of Lemma 2.1 in [IKraj . 
Let f) c := + C gl n be the complexification of f), where jjl n := g[„(C). The 
algebra f) c acts irreducibly on C™ and by a theorem of E. Cartan (see, e.g., 
|GGj ). f) c is either semisimple or the direct sum of the center c of gl n and a 
semisimple ideal t. Clearly, the action of the ideal t on C n is irreducible. 

Assume first that f) c is semisimple, and lei h : (i ; h/, be its decom- 
position into the direct sum of simple ideals. Then the natural irreducible 
rz-dimensional representation of f) c (given by the embedding of f} C in gLj is 
the tensor product of some irreducible faithful representations of the \)j (see, 
e.g., [GG| ). Let rij be the dimension of the corresponding representation of 



f)j, j = 1, . . . , k. Then rij > 2, dime t)j < n 2 — 1, and n — rii • ... • n k . The 
following observation is simple. 
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Claim: If n — rt\ ■ ... ■ n^, k > 2, rij > 2 for j = 1, . . . , k, then 
J2 k . =1 n 2 j <n 2 -2n. 

Since dime f) c = (n — l) 2 , it follows from the above claim that k = 1, i.e. 
f) c is simple. The minimal dimensions of irreducible faithful representations 
of complex simple Lie algebras s are well-known (see, e.g., |OVj ) . In the 
table below V denotes representations of minimal dimension. 



s 


dim V 


dims 


sl k k > 2 


k 


k' 2 - 1 


o k k > 7 


k 


k(k- l)/2 


sp 2k k>2 


2k 


2k 2 + k 




27 


78 




56 


133 




248 


248 


u 


26 


52 


02 


7 


14 



Since dime P) C = (n — l) 2 , it follows that none of the above possibilities 
realize. Therefore, f) c = c © t, where dimt = n 2 — 2n. Then, if n = 2, we 
obtain that H coincides with the center of U2 which is impossible since its 
action on C 2 is then not irreducible. Assuming that n > 3 and repeating the 
above argument for t in place of f) c , we see that t can only be isomorphic to 
s[ n _i. But sl n -i does not have an irreducible n-dimensional representation 
unless n = 3. 

Thus, n = 3 and f) c ~ C ©sfe — C ©SO3. Further, we observe that every 
irreducible 3-dimensional representation of SO3 is equivalent to its defining 
representation. This implies that H is conjugate in GL 3 (C) to e^SC^IR). 
Since H C U3 it is straightforward to show that the conjugating element can 
be chosen to belong to Us. 

The proof of the proposition is complete. □ 

Let M be a connected complex manifold of dimension n > 2, and suppose 
that a connected Lie group G C Aut(M) with c? G = n 2 + 1 acts properly 
on M. Fix p G M, consider the linear isotropy subgroup LG P , and choose 
coordinates in T P (M) so that LG P C C/„. We say that the pair (M, G) (or the 
action of G on M) is of type I, II or III, if the connected identity component 
LGp of the group LG P is conjugate in U n to a subgroup listed in I, II or III 
of Proposition II. 1[ respectively. Since M is G-homogeneous, this definition 
is independent of the choice of p. 
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We will now separately consider actions of each type. Recall from the 
introduction that G(C n ) is the group of holomorphic isometries of C n with 
respect to the Euclidean metric (see (10 .ID ) and G(CF n ) is the group of holo- 
morphic isometries of CP™ with respect to the Fubini-Study metric (see (10.21) ). 
These groups and some of their subgroups will frequently occur throughout 
the paper. In particular, we will need the subgroup Gi(C n ) ~ SU n k C n that 
consists of all elements of G(C n ) with U G SU n and the subgroup G 2 (C 3 ) ~ 
e iR S0 3 (R) x C 3 that consists of all elements of G(C 3 ) with U E e iR S0 3 (R). 
We usually write G (C) instead of G (C 1 ) and G x (C) instead of G x (C 1 ). 



In this section we prove the following theorem. 

THEOREM 2.1 Let M be a connected complex manifold of dimension 3 
and G C Aut(M) a connected Lie group with do = 10 that acts properly 
on M. If the pair (M, G) is of type I, then it is equivalent to one of the 
following: 



(here Aut(y) is isomorphic to S , p4(M)/Z 2/ ); 

(ii) (Q 3 , SO^iM.)), where Q 3 is the complex quadric in CP 4 , and SOs(R) is 
realized as a maximal compact subgroup of Aut(Q 3 )° ~ PSO^C); 



Proof: Fix a G-invariant Hermitian metric on M. Since LG q for every q e M 
contains the element —id, the manifold M equipped with this metric becomes 
a Hermitian symmetric space. The group LG® acts irreducibly on T P (M), 
and therefore M either is an irreducible Hermitian symmetric space, or is 
equivalent (holomorphically and isometrically) to C 3 with the flat metric. 

If M is an irreducible Hermitian symmetric space, it follows from the 
general theory of Riemannian symmetric spaces that G coincides with the 
connected identity component of the group of holomorphic isometries of M 



2 Actions of Type I 



(i) (y, Aut(y)), where 5? is the Siegel space 



y := { (z u z 2 , z 3 ) GC 3 :ZZ« id} , 



with 




(Hi) (C 3 ,G 2 (C 3 )). 
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(see Theorem 1.1 in Chapter V of [H]). Now E. Cartan's classification of 
irreducible Hermitian symmetric spaces implies that (M, G) is equivalent to 
either (J^,Aut(J^)) or (Q 3 ,S0 5 (R)) (see Chapter IX of (Hj). 

Let M be equivalent to C 3 and let F be an equivalence map. The map F 
transforms G into a closed subgroup of G(C 3 ) (recall that G(C 3 ) is the full 
group of holomorphic isometries of C 3 with respect to the flat metric). Let 
Po G M be such that F(p Q ) = 0. Then F transforms G° po into a closed sub- 
group H of Us C G(C 3 ) isomorphic to e^SO^M.) and acting irreducibly on 
T (C 3 ). By Proposition 11.11 the subgroup H is conjugate in Us to the stan- 
dard embedding of e^SOs^R) in U3, and hence there exists an equivalence 
map F between M and C 3 that transforms G® into e SO 



Let be the Lie algebra (isomorphic to the Lie algebra of G) of funda- 
mental vector fields of the action of the group G := F o G o F^ 1 on C 3 , that 
is, q consists of all holomorphic vector fields X on C 3 for which there exists 
an element a of the Lie algebra of G such that for all z G C 3 we have 



exp(ia)(z) 



t=o 



Since G C G(C 3 ), the algebra q is generated by (Z ) ©S03(M) and some affine 
holomorphic vector fields Vj, j = 1, . . . , 6, that do not vanish at the origin. 
Here 

3 

fc=i 

and 003(H) is realized as the algebra of fundamental vector fields of the 
standard action of SC^M) on C 3 . Considering [Z , [Vj, Z ]] instead of Vj, we 
can assume that Vj are constant vector fields for all j (cf. the proof of Satz 
4.9 in |Ki3). It then follows that G = G 2 (C 3 ). 

The proof is complete. □ 



3 Actions of Type II 

In this section we obtain the following result. 

THEOREM 3.1 Let M be a connected complex manifold of dimension 
n > 3 and G C Aut(M) a connected Lie group with do = n 2 + 1 that acts 
properly on M. If the pair (M, G) is of type II, then it is equivalent to 
(C"" 1 x M',G x (C n - x ) x G'), where M' is one of B 1 , C, CP 1 , and G' is one 
of the groups Aut(B 1 ), G(C), ^(CP 1 ), respectively 
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We start with the following lemma that clarifies the structure of full linear 
isotropy subgroups for actions of type II. 

Lemma 3.2 Let H C U n , with n > 3, be a closed subgroup, and let H° = 
SU n -i xU\. Then for some m G N the group H consists of all matrices of 
the form 

' aA 
a 

where A G SU n - ls a G U 1} a m = 1. 

Proof: The proof is similar to that of Lemma 4.4 in (IKruj . Let C\, . . . , Ck 

be the connected components of H with C\ = H° = SU n -\ x U\. Clearly, 
there exist g\ = id, g 2 , . . . ,gx in U n such that Cj = gjH°, j = 1, . . . , K. 
Moreover, for each pair of indices i,j there exists an index I such that giH° ■ 
gjH° = giff , and therefore 

g^ gi H Q gj =H Q . (3.1) 

Applying each side of (13. ID to the vector v :— (0, . . . , 0, 1), which is an eigen- 
vector of every element of H°, we obtain that for every h G H° there exists 
(3(h) G C such that 

9i X 9MjV = P(h)v, 

or, equivalently, 

hg jV = f3(h)g~ x giv, 

which implies that gjv = (0, . . . , 0, aj), where \aj\ = 1, j = 1, . . . , K. Hence 
gj has the form 



9j 



A j 



aj 

where Aj G f7 n _i. Multiplying gj by an appropriate element of H°, we can 
assume that aj = 1 and Aj = aj ■ id, with \aj\ — 1, j — 1, . . . , K. 
Clearly, all elements in H of the form 



t - id 
1 



(3.2) 



where \t\ — 1 form a finite subgroup and therefore the corresponding numbers 
t form a group of roots of unity of some order m. 

The proof of the lemma is complete. □ 
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Proof of Theorem EH Fix p G M, set H := G p , and identify M 
as a smooth manifold with G/H (in particular, we identify T P (M) with 
Th(G/ H)). By means of this identification we introduce a G-invariant com- 
plex structure on G/H. Let Hg,h '■ G — > G/H be the factorization map. For 
every element g G G we denote by Jz^ the action of g on G/H. Let be the 
Lie algebra of G. Since the subgroup Ad(H) C GL(M, g) is compact, there 
exists an Ad(if)-invariant scalar product on g. Let h C g be the Lie algebra 
of H and h -1 the orthogonal complement to h in g. Since h is Ad(if )-invariant, 
so is h -1 . The map $ := cfliG^id)!^ is a linear isomorphism between 
and Th(G/H), and for every h E H transforms the operator Ad(/i) on 
into the operator dJ£h{.H) on T H (G / H) (see e.g. [On] ) . Analogously, for 
c G h, the map ad(c) on fy x is transformed into J2?(c) on T H (G/H), where 
££ is the differential of the map h i— > dJ^^H) at id G if. 

By Lemma I3.2[ at every g G M there are exactly two non-trivial proper 
LGq-invariant complex subspaces £i(<?) and £2(9) in T q (M). Here £1(9) 
denotes the invariant subspace of dimension n — 1, and C 2 (q) the invariant 
complex line. Choosing such subspaces at every point q G M we obtain 
two real-analytic G-invariant distributions C\ and C 2 of (n — 1)- and 1- 
dimensional complex subspaces on M, respectively. Lifting C\ and £2 to 
G by means of Hg,h, we obtain distributions Si and 1S2 of real {n 2 — 1)- 
and {n 2 — 2n + 3) -dimensional subspaces on G, respectively. Since these 
distributions are invariant under left translations on G, we will think of 
them as linear subspaces of g. We have g = Si + S 2 and Si fl S 2 = h. Let 
Jj4- : = ^n^-, j = 1,2. Clearly, ^ = f^ + f)^, dimhi = 2(n-l), dimf^ = 2, 
and h;- 1 is Ad(if)-invariant for each j. 

Fix complex coordinates (£1, . . . , £ n ) in Th(G/H) in which Lif° is given by 
SU n ^i x £7i. Accordingly, we have h = hi © t)2, where hi := su n _i, h 2 := U%. 
Clearly, $ maps and onto {£ n = 0} and {£1 = • ■ ■ = £ n _i = 0}, 
respectively, and the following holds 

[h+,ych|, j = 1,2, 

[#,h] = o, [6 - 6) 

Set <Sj := hj 1 + hj for j = 1,2. We will now show that Sj is an ideal in g 
for each j . For any two elements v 1 , v 2 G g we write 

[vi,v 2 ] = ui + u 2 + wi + w 2 , (3.4) 

where Uk G h^ and Wk G hfc, = 1,2. Suppose first that V\ G h] 1 , t>2 G 
1)2 . Applying to (13. 4p the element <^ of Ad(if°) that acts trivially on h^ 
and coincides with —id on h^, we obtain that u\ — 0, Wi = 0, u> 2 = 0. 
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Next, applying to (13. 4ft an element of Ad(H°) that acts trivially on f)^~ and 
transforms V\ into —V\ we obtain that u 2 = 0. Thus 

[&^] = 0. (3.5) 

Let t>i, v 2 G t)^. In this case the application of the transformation ip to (13.4)) 
yields u 2 = 0. We now apply the Jacobi identity to Vi,v 2 ,v, where v is an 
arbitrary element of G \) 2 . Then (13. 3p . (13. 5)) imply that [u>2,f] = 0, and 
hence w 2 = 0. Thus 

fti-,&i]c3. (3.6) 

Let finally f i, t»2 G f)^- Applying to (13.4)) elements of Ad(if°) that act trivially 
on \)2 we see that U\ and tOi are invariant under all such transformations. 
Therefore U\ = 0, W\ = 0, and we have obtained 

C 5 2 . (3.7) 

Identities ( 13.31) . (13. 5p . (13. 6p . (13.71) yield that «Sj is an ideal in g for each j. 
Thus, for each j the distribution Cj is integrable, and its integral manifolds 
form a foliation §j of M by connected complex submanifolds of dimension 
n — 1 for j = 1 and by connected complex curves for j = 2. For g G M we 
denote by 5j (?) the leaf of the jth foliation passing through q. 

Let Gj be the (possibly non-closed) normal connected subgroup of G with 
Lie algebra <S'- for j = 1,2. For every q G M the leaf 5j(<?) coincides with 
the orbit Gjq. Since the tangent space to Gjq at g' G Gjq is spanned by the 
values of the holomorphic fundamental vector fields of the Gj-action at q', it 
follows that fij is a holomorphic foliation. Clearly, every two orbits of Gj are 
holomorphically equivalent. The ineffectivity kernel Kj of the action of Gj 
on Gjp is discrete for each j. Since G\j K\ acts properly on Gip, it follows 
from [15] that the orbit Gyp is holomorphically equivalent to C n_1 by means 
of a map that transforms G\jK\ into the group Gi(C n_1 ). Furthermore, G2P 
is holomorphically equivalent to one of B 1 , C, CP 1 by means of a map that 
transforms G 2 /K 2 into one of Aut(B 1 ), G(C), ^(CP 1 ), respectively. 

We will now show that each Gj is closed in G. We assume that j — 1; 
for j = 2 the proof is similar. Let It be a neighborhood of in g where the 
exponential map into G is a diffeomorphism, and let 2J := exp(il). To prove 
that G\ is closed in G it is sufficient to show that for some neighborhood 2U 
of e G G, 2U C 9J, we have GiH2U = exp(<S( nil) HSU. Assuming the opposite 
we obtain a sequence {g^-} of elements of G\ converging to e in G such that 
for every j we have gj = exp(aj) with aj G it \ <S(. Let pj := Qjp. For a 
neighborhood V of p we denote by N p and i\T p . the connected components 
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of G\p PI V containing p and pj, respectively. We will now show that there 
exists a neighborhood V of p such that N p . ^ N p for large j. 

Let il" C il' C il be neighborhoods of in g such that: (a) exp(il") • 
exp(il") C exp(il'); (b) exp(it") • exp(il') C exp(il); (c) It' = -il'; (d) H H 
exp(il') C exp(S[ n il'). We now choose V so that N p C exp(<S( n il")p. 
Suppose that pj G N p . Then we have pj = sp for some s G exp(5( fl il") 
and hence t := <7^ x s is an element of H. For large j we have gj G exp(il"). 
Condition (a) now implies that t G exp(il') and hence by (c), (d) we have 
t^ 1 G exp(5{ fl il'). Therefore, by (b) we obtain gj G exp(5{ fl il) which 
contradicts our choice of gj. Thus, for large j we have N Pj ^ N p , and thus 
the orbit G\p accumulates to itself (we will use this term in the future in 
analogous situations) . Below we will show that this is in fact impossible thus 
obtaining a contradiction. 

Consider the set S := G\p fl G<iP- The set S contains a non-constant 
sequence converging to p. Clearly, H° preserves S. Since the if°-orbit of 
a point in S cannot have positive dimension, the subgroup H° fixes every 
point in S. At the same time, any compact subgroup of dimension n 2 — 2n 
in Gi(C n ~ 1 ) fixes exactly one point in C n_1 . This contradiction shows that 
Gj is closed in G for each j. Therefore, the action of Gj on M is proper and 
hence every leaf of 5j is closed in M, for j = 1,2. 

We will now show that the subgroup Kj is in fact trivial for each j = 1,2. 
Let first j = 1. Since G\jK\ is isomorphic to the simply-connected group 
G^C"- 1 ) ~ SU n ^KC n - 1 and since G 1 covers G 1 /K 1 with fiber K u it follows 
that Ki is trivial. Let j = 2. If G2/K2 is isomorphic to G(C), the triviality of 
K 2 follows as above. Further, the action of G^ p on G<iP is effective, and thus 
we have K 2 \{e} C G^pVG^p. Suppose that G2/K2 is isomorphic to Aut(B 1 ). 
Every maximal compact subgroup of Aut(B x ) is 1-dimensional, hence so is 
every maximal compact subgroup of G2. Since G^p is 1-dimensional, it is 
maximal compact in G<i- Therefore Gi p is connected, which implies that K 2 
is trivial. Suppose next that G 2 /K 2 is isomorphic to (^(CP 1 ) ~ PSU 2 . If K 2 
is non-trivial, then G 2 ~ SU 2 and K 2 ^7L 2 . Then G 2p is conjugate in G 2 
(upon the identification of G 2 with SU 2 ) to the subgroup of matrices of the 
form 

(lib 

V b 

where |6| = 1 (see e.g. Lemma 2.1 of |IKru] ) . Since this subgroup contains 
the center of SU 2 , the subgroup G 2 contains the center of G 2 . In particular, 
K 2 C G^ which contradicts the non-triviality of K 2 . Thus, G\ is isomorphic 
to G^C"- 1 ) and G 2 is isomorphic to one of Aut(B 1 ), G(C), G(CP X ). 
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Next, since g = S[ © S 2 and G±, G2 are closed, the group G is a locally 
direct product of G\ and G2. We claim that 3T :— G\ n G2 is trivial. Indeed, 
^ is a discrete normal subgroup of each of Gi, G2. However, every discrete 
normal subgroup of each of Gi(C n_1 ), Aut(B 1 ), G(C), G(CP X ) is trivial, since 
the center of each of these groups is trivial. Hence G = G 1 x G 2 . 

We will now observe that for every qi,q2 G M the orbits G±qi and G 2 q2 
intersect at exactly one point. Let g G G be an element such that gq 2 = q±. 
It can be uniquely represented in the form g = gig 2 with gj G Gj for j = 1,2, 
and therefore we have g 2 q 2 = g^Qi- Hence the intersection Giqi fl G 2 q2 is 
non-empty. Next, the fact that for every q G M the intersection Giq fl G 2 q 
consists of q alone follows by the argument used at the end of the proof of 
the closedness of Gi, G 2 . 

Let Fi be a biholomorphic map from Gip onto C ra_1 that transforms Gi 
into G ? i(C™ _1 ), and F 2 a biholomorphic map from G 2 p onto M', where M' is 
one of B 1 , C, CP 1 , that transforms G 2 into G', where G' is one of Aut(l 1 ), 
G(C), G(CP 1 ), respectively. We will now construct a biholomorphic map ^ 
from M onto C™ -1 x M' . For g G M consider G25' and let r be the unique 
point of intersection of Gip and G25. Let g G Gi be an element such that 
r = (/p. Then we set T{<q) := (iq(r), F 2 (g~ 1 q)). Clearly, is a well-defined 
diffeomorphism from M onto C n_1 x M'. Since the foliation $j is holomorphic 
for each j, the map T is in fact holomorphic. By construction, T transforms 
G into Gi(C n - r ) x G'. 

The proof is complete. □ 



4 Actions of Type III 

We start this section with a large number of examples of actions of type III. 
Some of the examples can be naturally combined into classes and some of 
the actions form parametric families. In what follows n > 2. 

(i). Here both the manifolds and the groups are represented as direct prod- 
ucts. 

(ia) . M = M' x C, where M' is one of B n_1 , C"" 1 , CP n ~\ and G = 
G' x Gi(C), where G' is one of the groups Aut^™- 1 ), G(C"" 1 ), G(CP"- 1 ), 
respectively. 

(ib) . M = M' x C*, where M' is as in (ia), and G = G' x C*, where G' 
is as in (ia). 
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(ic) . M = M' x T, where M' is as in (ia) and T is an elliptic curve; 
G = G' x Aut(T) , where G' is as in (ia). 

(id) . M = M'xV>, where M' is as in (ia) and V> : = {£ G C : Re£ > 0}; 
G = G' x G(V > ), where G' as in (ia) and G(P>) is the group of all maps of 
the form 

£^A£ + ia, (4.1) 

with a G R, A > 0. 

(ii). Parts (iib) and (iic) of this example are obtained by passing to quotients 
in Part (iia). 

(iia). M = B n_1 x C, and G consists of all maps of the form 

Az' + b 

z i— > -, 

cz' + d 

z n l— > z n + ln(cz' + d) + a, 



where 



A b 

c d 



G ST/ n -i, i, (4-2) 



:= (z x , . . . , z n _i) and a G C. We denote this group by G (B n 1 x C). In 
fact, for T G C one can consider the following family of groups acting on 

B"- 1 x C 

Az' + b 



z' 



cz' + d (4 3) 

z n >->■ + T \n(cz' + d) + a, 

where A, a, 6, c, <i are as above. Example (ia) for M' = B n_1 is included in this 
family for T = 0. If T ^ 0, then conjugating group in Aut(B n " 1 x C) 
by the automorphism 

Z> " Z ' (4.4) 



z n I— > z n /T, 
we can assume that T = 1. 

(iib). M = B"- 1 x C, and for a fixed T G C* the group G consists of all 
maps of the form 

Az' + b 



z' 



cz' + d' ^ 
X(cz' + d) T z n , 
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where A, b, c, d are as in (iia) and \ G C*. Example (ib) for M' = B n_1 can 
be included in this family for T = 0. This family is obtained from (14. 3ft by 
passing to a quotient in the last variable. 

(iic). M = B n_1 x T, where T is an elliptic curve, and for a fixed T G C* 
the group G consists of all maps of the form 

Az' + b 

cz + d ^ 

[zn] ^ [x(cz' + d) T z n ] , 

where A, b, c, d, \ are as m (iib) , T is obtained from C* by taking the quotient 
with respect to the equivalence relation z n ~ dz n , for some d G C*, \d\ ^ 1, 
and [z n ] G T is the equivalence class of a point z n G C*. Example (ic) for 
M' = B n_1 can be included in this family for T = 0. Clearly, after passing 
to the quotient (14.51) turns into ( 14. 61) . 

(iii). Part (iiib) of this example is obtained by passing to a quotient in 
Part (iiia). 

(iiia) . M = C n , and G consists of all maps of the form 

z' i — ► e Rob Uz' + a, 
z n i > 2 n 4~ b, 

where U G Z7 n _i, a G C n-1 , 6 G C. In fact, for T G C one can consider the 
following family of groups acting on C n 

^ ^ e Rc ^Uz' + a, ^ 

where U, a, b are as above. Example (ia) for M' = C n_1 is included in this 
family for T = 0. If T ^ 0, then conjugating group (14. 71) in Aut(C n ) by the 
automorphism 

z' i — > z' 
z n i ► T z n , 

we can assume that T — 1. 

(iiib) . M = C"- 1 x C*, and for a fixed T G K* the group G consists of 
all maps of the form 

z ' e TRc6 [/z' + a, 
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where U,a,b are as in (iiia). Example (ib) for M' = C n_1 can be included 
in this family for T = 0. This family is obtained from (14.71) for T G R* by 
passing to a quotient in the last variable. 

(iv). Parts (ivb) and (ivc) of this example are obtained by passing to quo- 
tients in Part (iva). 

(iva). M = C n , and G consists of all maps of the form 



z 



Uz' + a, 

z n + (Uz', a) + b, 



where U G C/ n _i, a G C n_1 , b G C, and (■ , ■) is the inner product in C" _1 . 
We denote this group by C5(C n ). In fact, for T G C one can consider the 
following family of groups acting on C n 

z' i-> Uz' + a, 

z n h-> z n + T{Uz',a) + b, 

where U, a, b are as above. Example (ia) for M' = C n ~ l is included in this 
family for T = 0. If T ^ 0, then conjugating group (14.81) in Aut(C n ) by 
automorphism (I4.4p . we can assume that T — 1. 

(ivb). M = C™ -1 x C, and for a fixed < t < 2n the group G consists 
of all maps of the form 

z' h-> Uz' + a, 

z n i-> x^ x p(^ T (Uz',a))z n , 



where U, a are as in (iva) and x G C*. In fact, for T G C one can consider 
the following family of groups acting on C" _1 x C* 

z' i — > Uz' + a, 

(4.10) 



z n i-> xexp(^T(f/2; / ,a)Jz„, 

where U, a, x are as above. Example (ib) for M' = C n_1 is included in this 
family for T = 0. For T ^ this family is obtained from (14.81) by passing 
to a quotient in the last variable. Furthermore, conjugating group (14.101) for 
T 7^ in Aut(C n_1 x C*) by the automorphism 

Z' ^ yf\T\z' 
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we obtain the group defined in ( 14. 9ft for r = argT. 

(ivc). M = C n_1 x T, where T is an elliptic curve, and for a fixed 
< r < 2tt the group G consists of all maps of the form 

z' h-> Uz' + a, 

[z n \ ^ xew(e iT (Uz',a)^z n , 

where U,a,x are as in (ivb), T is obtained from C* by taking the quotient 
with respect to the equivalence relation z n ~ dz n , for some d G C*, \d\ 7^ 1, 
and [z n ] G T is the equivalence class of a point z n G C*. In fact, for T G C 
one can consider the following family of groups acting on C" -1 x T 

z' i— > Uz' + a, 

[zn] ^ x ex p(r(Uz',a)^z n , i^- 12 ) 

where U, a, x are as above. Example (ic) for M' = C n is included in this 
family for T = 0. For T ^ this family is obtained from (I4.10p by passing 
to the quotient described above. Furthermore, conjugating group (14.121) for 
T 7^ in Aut(C™~ 1 x T) by the automorphism 



z' i — > y \T\z' 

where £ G T, we obtain the group defined in (14. lip for r = argT. 

(v) . M = C 71 - 1 x V> , and for a fixed T E R* the group G consists of all 
maps of the form 

z' i-> X T Uz' + a, , 41 _ 

where £/ G C/ n _i, a G C"" 1 , 6 G R, A > 0. Example (id) for M' = C™" 1 can 
be included in this family for T = 0. 

(vi) . M = C n , and for fixed k l7 k 2 G Z, (A; 1? fc 2 ) = 1, k x > 0, k 2 ^ 0, the 
group G consists of all maps of the form (10 .11) with U G H% k2 (see (11.21) ). 
We denote this group by Gfc 1> fc 2 (C ri ). Example (ia) for M' = C rt_1 can be 
included in this family for k 2 = 0. 



(vii). Part (viib) of this example is obtained by passing to a quotient in 
Part (viia). 
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(viia). M = C n */Z h where C n * := C n \ {0}, / G N, and the group G 
consists of all maps of the form 

{z} ^ {XUz}, (4.14) 

where U G U n , A > 0, and {z} G C n */Zi is the equivalence class of a point 
z G C n *. 

(viib). M = M d /Z h where M d is the Hopf manifold C n */{z ~ dz}, for 
d G C*, \d\ 7^ 1, and / G N; the group G consists of all maps of the form 

{[*]} ~ {[ACT*]}, (4.15) 

where [/, A are as in (viia) , [z] G M d denotes the equivalence class of a point 
z G C n *, and {[z]} G M d /Zi denotes the equivalence class of [z\ G M d . 

(viii) . In this example the manifolds are the open orbits of the action of a 
group of affine transformations on C n . Let G-p be the group of all maps of 
the form 

z' i— > XUz' + a, 

z n i-> A 2 ^ n + 2X(Uz', a) + |a| 2 + ife, 
where U G C/„_i, a G C" -1 , b G R, A > 0. 
(viiia). M = V>, G = G v , where 

P£ := {(/,^n) G C^ 1 xC:Rez n > \z'\ 2 } . (4.16) 
Observe that is holomorphically equivalent to B n . 
(viiib). M = VI , G = G P , where 

V n K := {(z',z n ) GC"- 1 xC:Rez n < \z'\ 2 } . (4.17) 

Observe that P" is holomorphically equivalent to CP™ \ (B™ U L), where L is 
a complex hyperplane tangent to <9B n at some point. 

(ix) . Here n = 2, M = B 1 x C, and G consists of all maps of the form 

az\ + b 

z i ^ 7 z> 

bz\ + a 

Z 2 + CZi + c 
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where a, b G C, |a| 2 - \b\ 2 = 1, c G C. We denote this group by ^(B 1 x C). 

(x) . Here n = 3, M = CP 3 , and G consists of all maps of the form (10.21) for 
n = 3 with U G Sp2 (where Sp2 is the compact real form of Sp^(C)). We 
denote this group of maps by Gi(CP 3 ). It is isomorphic to Sp 2 /Z, 2 . 

(xi) . Let n = 3 and (z : w) be homogeneous coordinates in CP 3 with 
z — (z± : z 2 ), w — (wi : w 2 ). Set M = CP 3 \ {w = 0} and let G be the group 
of all maps of the form 

z - Uz + Aw, 
w I— >■ l/w, 

where U,V & SU2, and 

_ / a i& \ 
y 6 -za J ' 

for some a, 6 G C. We denote this group by (CP 3 \ CP 1 ). 

(xii) . Here n = 3, M = C 3 , and G consists of all maps of the form 

z' ^ Uz' + a, 



z 3 1 — > det U z 3 + 



1 
-1 



Uz' 



a + b, 



where z' := (zi,z 2 ), U G U2, a G C 2 , b G C, and • is the dot product in C 2 . 
We denote this group of maps by (^(C 3 ). 

The result of this section is the following theorem. 

THEOREM 4.1 Let M be a connected complex manifold of dimension 
n > 2 and G C Aut(M) a connected Lie group with do = n 2 + 1 that acts 
properly on M . If the pair (M, G) is of type III, then it is equivalent to one 
of the pairs listed in (i)-(xii) above. 

The following lemma is analogous to Lemma I3.2[ and we omit the proof. 

Lemma 4.2 Let H C U n , with n > 2, be a closed subgroup, and let H° = 
H% k2 for some ki,k 2 . Assume that for n = 2 we have k\ 7^ ±k 2 (that is, 
for n = 2 the cases k\ = k 2 = 1 and k\ = 1, k 2 = — 1 are excluded from 
consideration). Then for some m G N the group H consists of all matrices of 
the form 

' A 
a ■ a 
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where A G U n -i, a G (det A) k i , a m = 1. 

Remark 4.3 For n = 2 and either k\ = 1, k 2 = 1 or fci = 1, k 2 = — 1 it is 
easy to construct an example of a closed disconnected subgroup H C U 2 with 
-£f° = f/| fca that contains matrices with non-zero anti-diagonal elements. 

Proof of Theorem I4.lt We will consider two cases. Case 1 occupies most 
of the proof and splits into a number of subcases, as shown in the following 
diagram. 



Case 1 




Case 1.1.1 Case 1.1.2 Case 1.2.1 Case 1.2.2 




Case 1.1.1. a Case 1.1. l.b Case 1.1. 2. a Case 1.1. 2.b 




Case 1.1.2.a.l Case 1.1.2.a.2 

Case 1. Suppose that either n > 3, or n = 2 and k\ ^ ±k 2 - Fix p G M 
and introduce H, <3>, f) and f) -1 as in the proof of Theorem 13 . 11 By Lemma 
I4.2[ at every q G M there are exactly two non-trivial proper LG g -invariant 
complex subspaces £i(q) and C 2 (q) in T q (M). For n > 3, C\(q) denotes, as 
before, the invariant subspace of dimension n — 1, and C 2 (q) the invariant 
complex line. For n = 2, C\{q) and C 2 (q) denote the invariant complex lines 
such that for every ip G LG° q we have <p(£j) = M fcj ^j, for j = 1,2, where 
£j G Cj(q) and \u\ = 1. Choosing such subspaces at every point q G M 
we obtain two real-analytic G-invariant distributions C\ and C 2 of (n — 1)- 
and 1-dimensional complex subspaces on M, respectively. As in the proof of 
Theorem 13. II these distribution lead to linear subspaces Si and S 2 of g. Let, 
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as before, t)f := f) fl Sj, j = 1, 2. Clearly, f)j- is Ad(if )-invariant for each j, 
and therefore we have 

[hf,l)]cf)f, i - 1,2. (4.19) 

We fix complex coordinates in Th(G/H) in which Li7° is 

given by fc2 and thus realize f) as the Lie algebra of matrices of the form 

( k 2 /h - traced ) ' ^' 2 °^ 
where 21 G U n _i. We now choose bases in f)^ and f)^ as follows. Set 

a fc := $ -1 (e fc ), 6 fc := $ _1 (ze fc ), fc = l,...,n, 

where denotes the fcth coordinate vector for k = 1, . . . , n. Then {a r , 6 r }, 
r = 1, . . . , n — 1, is a basis in f)^ and {a n , 6 n } is a basis in fjg • In this basis the 
pull-back to h -1 of the operator of complex structure on Th(G/H) is given 
by 

at ~ h, 

for = 1, . . . , n. 

Observe that [a n , b n ] is Ad (H) -invariant, and therefore lies in iS 2 - To- 
gether with (14.191) this implies that S2 is a Lie subalgebra of g. Thus, the 
distribution £2 is integrable, and its integral manifolds form a foliation $2 
of M by connected complex curves. For q G M we denote by $2(9) the leaf 
of the foliation passing through q. Since the foliation ^2 is G-invariant, its 
leaves are pairwise holomorphically equivalent. 

Let G 2 be the (possibly non-closed) connected subgroup of G with Lie 
algebra S 2 (observe that H° C G 2 ). The leaf ^(p) passing through the 
distinguished point p coincides with the orbit G 2 p, and for g G G the leaf 
$2(gp) is an orbit of the group gG 2 g~ 1 - The ineffectivity kernel K 2 of the 
action of G 2 on G2P is either (n 2 — 2n)-dimensional (if k 2 7^ 0) or (n — l) 2 - 
dimensional (if k 2 — 0)- Hence G 2 p is holomorphically equivalent to one of: 
(a) B 1 , C, CP 1 , if k2 7^ by means of a map that transforms G2/K2 into one 
of Aut(B 1 ), G(C), G^CP 1 ), respectively; (b) V> , C, C*, or an elliptic curve 
T, if k 2 = by means of a map that transforms G 2 /K 2 into one of GiV^ 
(see (0ZD), Gi(C), Aut(C*)°, or Aut(T) , respectively. 

Further, for each 1 < r < n — 1 we fix a non-zero element t r G f) such 
that the one-parameter subgroup if r of if arising from t r is represented in 
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LH° 



by transformations that act on C\(p) as follows 



£ r i — > e 5 



Si 



S = 



l,...,n-l, s/r, 



where E R. We choose i r so that the element 



n-1 

to : = t r 

r=l 



(4.22) 



generates the center 3 of f). We have 




0, 



(4.23) 



for some \i E R*, where ^ is the Kronecker symbol and r, s = 1, . . . , n — 1. 

We also note that f) = 3 © f)', where f)' is the derived algebra of f) (which 
is is isomorphic to su n _i), and the following holds 



Case 1.1. Suppose that Si is a Lie subalgebra of g. In this case the 
distribution C\ is integrable and gives rise to a foliation 5i of M by connected 
complex submanifolds of dimension n — 1. For g G M we denote by ^(g) 
the leaf of the foliation 3i passing through g. Since the foliation fix is G- 
invariant, its leaves are pairwise holomorphically equivalent. Let G\ be the 
connected subgroup of G with Lie algebra S\ (clearly, we have H° C Gi). 
The leaf $i(p) coincides with the orbit G±p, and for g G G the leaf 3i(gp) 
is an orbit of the group gG\g~ x . The group Gi acts properly on G\p and 
the ineffectivity kernel K\ of this action is finite, hence by |Kaj the orbit 
G\p is holomorphically equivalent to one of B n_1 , C n_1 , CP n_1 by means of 
a map that transforms G\jK\ into one of the groups Aut(B n_1 ), G(C n_1 ), 
^(CP™- 1 ), respectively. 

We will now show that each Gj is a closed subgroup of G. Assuming the 
opposite, we obtain that the orbit Gjp accumulates to itself (in the sense ex- 
plained in the proof of Theorem 13 . II above) . Consider the set S :— G\p\~\G2P- 
The set S contains a non-constant sequence converging to p. Clearly, H° pre- 
serves S. Since the if °-orbit of a point in S cannot have positive dimension, 
the subgroup H° fixes every point in S. At the same time, any compact 
subgroup of dimension (n — l) 2 in Aut(B n_1 ) or G(C n_1 ) fixes exactly one 



W, f)2 ] = 0. 
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point in B n_1 or C n , respectively (every such subgroup is maximal com- 
pact), and any closed subgroup in G(CP™ _1 ) of dimension (n — l) 2 fixes at 
most two points in CP n_1 (a two-point set can only occur for n — 2). This 
contradiction shows that Gj is closed in G for each j. Therefore, the action 
of Gj on M is proper and hence every leaf of $j is closed in M, for j = 1,2. 

Further, for any v i, v 2 G f)^ consider the commutator [vi, v 2 ] and write it 
in the general form [vi, v 2 ] = a + c, where a G f)±, c G f). Applying to this 
identity the element of Ad(Z), where Z is the center of H°, that acts as —id 
on f}^, we see that a = 0, hence 

[tf , f)r] C f). (4.24) 

Let ^p r be the subspace of f)i spanned by If v 1 e %. 

and v 2 G ^ s for r ^ s, then, applying to [fi, 1 ^] the elements of Ad(H r ) and 
Ad(i? s ) that act as —id on and ^p s , respectively, we see that c changes 
sign under each of these transformations, and therefore is equal to (see 

(SJ2QD). Thus > we have 

[*P n *p a ] = 0, r,s = l,...,n-l,r^s. (4.25) 

Next, we observe that, since every commutator [a r , b r ] for r = 1, . . . , n — 1 
is Ad (H 3 ) -invariant for s — 1, . . . , n — 1, the following holds 

n-l 

[a r ,6 r ] = ^V r %, (4.26) 

for some a* G JR.. Applying to [a r ,6 r ] the transformations from Ad(H°) that 
interchange a r with a s and 6 r with b s for s = 1, . . . , n — 1, s 7^ r, leaving 
the other elements of the basis 6jfc}fe=i,..., n -i m fixed, we see that 
a r = a s := o" for r, s = 1, . . . , n — 1. Further, the Jacobi identity applied to 
all triples {a r , fo r , a s } with r, s = 1, . . . , n — 1, r ^ s, together with (14.231) . 
(14.251) implies that cr^ = for r 7^ s, and therefore we have 

[o r , 6 r ] = crt r , r — 1, . . . , n — 1. (4.27) 

Relations ( 14. 23ft and ( 14.27P imply that the subspace g r of «Si spanned by 
a r ,b r , t r is in fact a Lie subalgebra for r = 1, . . . , n — 1. It is isomorphic to 
the Lie algebra of Aut(B x ) if and only if fia < 0, to the Lie algebra of G(CP l ) 
if and only if \ia > and to the Lie algebra of G(C) if and only if a = 0. Let 
<3 r be the connected subgroup of G\ with Lie algebra g r . The tangent space 
T p ((3 r p) at p to the orbit <3 r p is a complex line in T p (M), and LH r acts on 
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T p (<5 r p) effectively. Therefore, the orbit <$ r p is a complex curve in G\p and 
there exists a discrete subgroup of <3 r such that (& r p is holomorphically 
equivalent to one of B 1 , CP 1 , C by means of a map that transforms (3 r /^r into 
one of the groups Aut(B 1 ), G^CF 1 ), G(C), respectively. Hence the restriction 
of a Gi-invariant Hermitian metric on G\p to <S r p has a positive, negative, 
or zero curvature, respectively. This shows that pa < if and only if G\p 
is equivalent to B n_1 ; po > if and only if G\p is equivalent to CP™ -1 ; and 
o = if and only if G\p is equivalent to C n_1 . 

Case 1.1.1. Suppose that k% = 0. In this case H° acts on Gyp effectively, 
and applying an argument from the proof of Theorem 2.1 in [15] (see also the 
proof of Theorem 13.11 above), we obtain that K\ is trivial. Furthermore, we 
have 

[ti, W = 0. (4.28) 
Next, consider the commutator [t>i,t> 2 ], where Vj G i)f, j = 1,2, and write it 
in the general form [vi, v%] = a + b + c, where a€f)^,6Gf)^,cGf). Applying 
to this identity the element of Ad(Z) that acts as —id on f)^ and taking into 
account that Ad(Z) acts trivially on f)^ and f), we see that b = c = 0, that 
is, 

[f^,(^]cf^. (4.29) 

Relations (I4.28[) and (14.291) imply that S\ is an ideal in g, and hence G\ is 
normal in G. This yields that every leaf of is a Gi-orbit, and therefore 
is a holomorphic foliation. 

As a special case of f)4.29p . for every and 1 < r < n - 1 we have 

n-l 

[a r ,v] = ^2(\ s a s + uj s b s ), 

s=l 
n-l 

s=l 

where X s , \' s , u> s , uj' s G R. Applying to the above identities the family of 
operators Ad(H r ) we see that A s = A' s = u s = uj' s = for s ^ r and that 
A^, = — u r , uj' r = X r . Hence for 1 < r < n — 1 we have 

[<2 r , CLn\ Ot r Q, r -\- /3 r b r , \b r , d n ~\ (3 r CL T ~\~ Qt r b r , , QfA 

[a r , b n ] = ^ T a r + 5 r b r , [b r , b n ] = —5 r a r + 7 r 6 r , 

for some a r , /3 r , j r , 5 r G R. Applying to [a n a n ] and [a r ,6 n ] a transformation 
from Ad(H°) that interchanges a r with a s and b r with b s , we see that 

(x r ol s . tt, f3 r f3 s . /3, , . _.. \ 

Is = Is ■= 7, $r = d~ s := 5, 
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for r, s = 1, . . . , n — 1. 
Further, we have 

[a n , b n ] = pa n + vb n + t, (4.32) 

where p,v EM. and £ G f). Since the group Ad (if ) acts trivially on fj^, it 
fixes £, which implies that £ lies in the center of f) and therefore 

£ = 77*0, (4.33) 

for some 77 G R. For r = 1, . . . , n — 1 the Jacobi identity applied to the triple 
{a r ,a n ,b n }, together with (14321) . (1433]) . (QUI) . (1432]) . (14331 implies 

717 = °' (4.34) 

Define 

a n :_ a " "I ^0; 

£ (4-35) 

6; := 6„ + -£ . 

p 

It then follows from (14381) . (14301 . (143I1) . (14321) . (14331 and the second iden- 
tity in (T434j) that 

[a r , a£J = «a n [6 r , aJJ = ab r , 

K, &'J = 7«r, [K, b' n ] = lK, (4.36) 

In particular, the subspace S' 2 of g spanned by a' n , b' n is a Lie subalgebra in 
g. Clearly, g is a semidirect sum of Si and S 2 . Let G 2 be the connected 
subgroup of G with Lie algebra S 2 . Observe that ^(p) — G^P an d that for 
g E G the leaf ^(gp) is an orbit of gG' 2 g~ x . Since every leaf in §2 is closed 
in M, it follows that G' 2 is closed. 

Further, the Jacobi identity applied to the triples {a r , b r , a n } and {a r , b r , b n } 
for r = 1, . . . , n - 1, together with (14371) . (14381) . (14301) . (143T1) yields 

ao = 0, 70- = 0. (4.37) 

Case 1.1.1. a. Suppose that G\p is equivalent to one o/B n_1 ; CP™ -1 . In 
this case a ^ 0, and (14371) gives a = 7 = 0. Then (14381) . (1436]) imply that 
the Lie subalgebra S 2 is in fact an ideal in g, and therefore G 2 is normal in 
G. This yields that §2 is a holomorphic foliation. 
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Since q = S\ © S 2 and G\, G 2 are closed, the group G is a locally direct 
product of Gi and G 2 . Let 3? := G\ n G" 2 . Clearly, ^ is a discrete normal 
(hence central) subgroup of Gi. However, the center of each of Aut(B n_1 ), 
G(CP n_1 ) is trivial. Hence 5* is trivial and therefore G = Gi x G' 2 . 

Let be the ineffectivity kernel of the action of G 2 on G' 2 p. Then for 
every g G K' 2 its differential cigQo) at p in the coordinates (£i,...,£ n ) i n 
T p (M) has the form 



where A G t/ n _i (note that T p {G' 2 p) is given by {£1 = 0, ...,£ n _i = 0}). 
Hence the element g lies in H° C Gi, and therefore is trivial. Thus, K' 2 is 
trivial. 

We will now show that for every qi,q2 G M the orbits Gigi and G 2 q2 
intersect at exactly one point. Clearly, Gigi fl G' 2 qi is non-empty (see the 
proof of Theorem 13. 1 P . We will now show that for every q G M we have 
Giq(lG 2 q = {q}. Before proceeding, we remark that for n > 3 and for n = 2 
with G\p equivalent to B 1 this statement follows as in the proof of Theorem 
13.11 Below we give a proof that works for n = 2 with G\p equivalent to 
CP 1 as well. Let for some q G M the intersection G\q fl G 2 q contain a point 
q 1 7^ q. Let g\ G G\ be an element such that g%q = q'. Clearly, g 1 preserves 
G 2 q. Since g% G Gi and G = G\ x G 2 , the element g\ commutes with every 
element of G 2 . Consider the restriction g[ := gi\c' q - Recall that G' 2 q is 
holomorphically equivalent to one of V> , C, C*, or an elliptic curve T by 
means of a map / that transforms G 2 into one of G(V>), G\(C), Aut(C*)°, 
or Aut(T) , respectively. Then g[ is transformed by / into an automorphism 
of the corresponding curve that commutes with every automorphism in the 
corresponding group. 

If G' 2 q is equivalent to V > this implies that g[ is transformed into the 
identity, since the centralizer of G{V > ) in Aut(7 ? > ) is trivial. Hence g[ acts 
on G 2 q trivially, which contradicts our choice of g%. If G' 2 q is equivalent to 
C, it follows that g[ G Gi(C). Therefore, there exists gi G G 2 such that 
9i — 92\g' q- Thus, g := g\°g 2 x acts trivially on G' 2 q. Hence dg(q) in suitable 
coordinates in T q (M) has the form (I4.38p . Therefore, g lies in a subgroup 
conjugate to H°, hence g G G\. This implies that g 2 is trivial, which is 
impossible. If G 2 q is equivalent to either C* or T, an analogous argument 
leads to a contradiction. Thus, we have shown that for every q\, q 2 G M the 
orbits G\qi and G' 2 q2 intersect at exactly one point. 

Let Fi be a biholomorphic map from G\p onto one of B n_1 , CP n_1 that 
transforms G\ into one of Aut(B n_1 ), G(CP n_1 ), respectively, and F 2 a bi- 




(4.38) 
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holomorphic map from G' 2 p onto one of V> , C, C*, or an elliptic curve T, 
that transforms G 2 into one of G(V>), Gi(C), Aut(C*)°, or Aut(T) , re- 
spectively. For q G M let pi := G\p fl G' 2 q and p 2 := Gig fl G' 2 p. Setting 
F(q) := (Fi(pi), F 2 {p 2 )) we obtain a map from M onto the corresponding di- 
rect product that transforms G into the product of the corresponding groups. 
Since each foliation 5j is holomorphic, the map F is holomorphic. Thus, we 
have obtained the direct products listed in (ia), (ib), (ic), (id), where M' is 
either B n_1 or CP 71-1 . 

Case 1.1. l.b. Suppose that G\p is equivalent to C™ -1 . For every q G M 
consider the set 

S q :={xEM:G lx = G lq }. 

Since for two distinct points x, y lying in the same Gi-orbit we have G± x 7^ 
Gi y , the set S q intersects every G^-orbit in M at exactly one point. Fur- 
thermore, for every x G S q the set S q coincides near x with the leaf ^(rc). 
Hence S q is the union of some leaves of ^2- We will now prove that S q in fact 
consists of a single leaf, that is, S q = ^ 2 {q). Indeed, it is sufficient to show 
that every leaf #2(2) C S q intersects every Gi-orbit. We need to prove that 
the set of orbits that $2 0*0 intersects is both open and closed. The openness 
is obvious. To show the closedness, let Gii/j be a sequence of Gi-orbits that 
intersect $ 2 (x) and accumulate to an orbit Giy. Suppose that G\y does not 
intersect $ 2 {x). Let y' := S q fl Giy. Then $ 2 {y') C S q and ^{y') ^ $2{x)- 
Clearly, $2(3/') intersects every orbit G±yj if j is sufficiently large, and there- 
fore S q intersects G±yj at more than one point. This contradiction proves 
that ^2^) intersects every Gi-orbit, hence S q = $2(1) for every q e M. 

Let Fi : G\p — > C" _1 be a biholomorphic map that takes p into the origin 
and transforms G\ into (^(C™ -1 ), and F 2 a biholomorphic map from G 2 p onto 
one of V > , C, C*, or an elliptic curve T, that transforms G' 2 /K 2 into one 
of G(V>), Gi(C), Aut(C*)°, or Aut(T) , respectively, where K 2 denotes, as 
before, the ineffectivity kernel of the action of G' 2 on G' 2 p. For q G M let 
p x ■= dp n G' 2 q and p 2 := G x q n G' 2 p. Setting := (F^pi), F 2 (p 2 )) we 
obtain a diffeomorphism from M onto a direct product C n_1 x M", where 
M" is one of V>, C, C*, T. 

We will now show that F is holomorphic. Let III : M — > Gip be the 
projection to Gip along the leaves of $ 2 and Ii 2 : M — > G' 2 p be the projection 
to G' 2 p along the leaves of In order to show that F is holomorphic, we 
must prove that each Uj is holomorphic. By [Chj it is sufficient to show that 
each IT, is separately holomorphic on every leaf of each of $1, $2- Thus, we 
need to show that Uj is holomorphic on every leaf of for j = 1,2. Since 
the foliation $1 is holomorphic, the map n 2 is holomorphic. 
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We will now show that IIi is holomorphic on every leaf of Fix q G M 
and let Fq : G\q — > C™ -1 be a biholomorphic map that transforms G\ into 
G(C n_1 ). Therefore, there exists an automorphism cp of the group G(C n_1 ) 
such that Hi\g t g = F\ f<p ° F , where f v is the diffeomorphism of C n_1 
that maps z G C n_1 to the point w G C n_1 such that I w = <p(Z z ), with X z 
being the isotropy subgroup of z with respect to the action of G(C n_1 ) on 
C n_1 . 

Every automorphism of G(C n_1 ) has either the form 

Uz + a ^ g G UgQ X {z - b) + b + La, (4.39) 

or the form 

Uz + a^ g Q Ug~ 1 (z-b) + b + La, (4.40) 

for some go £ Un-i, b G C n_1 and L G GL„_i(C) (here U G U n -i, a G 
C"- 1 ). If cp has the form f09l) . then f 9 G Aut(C"- 1 ), and thus IIi| Gig is 
holomorphic. If if has the form (14 .40 \\ . then f v is antiholomorphic and so is 
ITil^g. It is straightforward to show that the set of points x G M for which 
rii^x is anti-holomorphic is both open and closed, and thus coincides with 
M. Since ili|G iP is clearly holomorphic, we obtain a contradiction. Hence, 
ip in fact has the form (I4.39P and IIi|g g is holomorphic. Thus, we have 
constructed a biholomorphic map from M onto a direct product C" _1 x M", 
where M" is one of V>, C, C*, T. 

We will now describe the subgroup of Aut(C n_1 x M") into which the map 
F transforms the group G. Let G F := F o G o F~ l and Gf := F o G\ o F~ x . 
For Co e C"" 1 let L fo := {(CO G C"" 1 x M" : C = Co} and for £o G M" 
let L'l o : = {(CO G C 1 ' 1 x M" : £ = By construction, L = F 2 (G' 2 p). 
Let £ := F 2 (p)] then we have L| = F\{G^p). For every £ G the subset 
L^' o is naturally identified with C" -1 , and, upon this identification, we have 
Gf U' { ' = /& ° ^(C"- 1 ) o /- 1 for some / & G Aut(C"" 1 ), where ^ = id. 

Let be the map 

% : G i\l>! -> | x « o , #| L » i-> , for # G Gf. 

Upon the identification of each of L|, with C n_1 , the map takes the 
form 

where T G G(C n_1 ) and is an automorphism of G(C n_1 ) (see (14.391) . 
(14.401) ). By the construction of the map F, for every point (CO 

every element g G Gf that fixes this point also fixes the point (C£o) £ £f - 
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It then follows that $g is in fact the identity map, that is, Gf consists of all 
maps of the form 

C , " f C + °' (4.41) 

where U G E/ n _i, a G C™" 1 . 

Let Q be the Lie algebra of holomorphic vector fields on C n_1 x M" 
arising from the action of G F . Denote by b' n ,to the holomorphic 

vector fields on C™" 1 x M" arising; from b' w to, respectively, for 

r = 1, ... ,n — 1. Since F transforms H° into the group of maps of the 
form (14.4ip with a = 0, we have 

n-1 



i = ifj,' ^ Cs d/dC s 



for some \il G R*. Considering the commutators [to,a r ], [io,b r ] and using 
ffl~22l) . (I4l3|) we see that 

n-1 



8=1 

n-1 

k =±i J2 A r d / 9 Cs 



8=1 



where (^)r,s=i,...,n-i G GL n _i(C). Next, using the identities [to,a n ] = 0> 
[t , S;] = (see (EOSD ), from (OSjl we obtain 



n-1 

/ 



52f.d/dc+c 

(4.42) 



s=l 
n-1 



s=l 



where / s , g s are linear functions of (i, . . . , Cn-i, and a", 6" are holomorphic 
vector fields on M" . Moreover, it follows from the first identity in (14. 34ft that 

pf 8 + vg s = 0, s = 1, . . . , n - 1. (4.43) 

Recall that F maps G' 2 p biholomorphically onto L and transforms G^/i^ 
into one of G(V>), G? X (C), Aut(C*)°, Aut(T) (where we identify L with 
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one of V>, C, C*, T, respectively). Therefore, CI2U0 and fe^'lio sp an the Lie 
algebra of holomorphic vector fields on Lq arising from the action of one of 
these groups. 

If G' 2 p is equivalent to V>, then we have 

< = (a£ + iy) d/d£, H' n = « + iv) d/d£, 

where x, y,u,v G R, xv — yu ^ 0. Considering [a' n , b' n ] and using (14.361) . we 
obtain 

px + vu = 0, xv — yu = py + i/i>. (4.44) 

Since p 2 + v 2 > (the group G(V>) is not abelian), it follows that x = u, 
u = -p. Now g32D, (glSD , (14441 yield 

P h 'n + U K = i(py + w) d/d£, 

and therefore the algebra g contains the vector field id/d£. Hence g is 
spanned by the vector fields arising from the action of Gf , the vector field 
i d/d£, and a vector field of the form 

n-l 

^.d/dc + td/dt, 

s=l 

where ft, s are linear functions of £i, . . . , Cn-i- The one-parameter subgroup of 
G F arising from such a vector field has the form 

where i? G 0l n _i and r G R. Since Gf is normal in G F , it follows that 
the matrix e Rr lies in the normalizer of U n -\ in GL n _i(C) for all r G R. 
Therefore, there exists T G R such that e fiT G e Tr • Z7 n _i for all r. We have 
now shown that G F is the group G(C n_1 ) x G(V>) if T = 0, and the group 
of maps of the form (14.131) if T ^ 0, where z' and replaced with ( and 

£, respectively. Thus, we have obtained Example (id) for M 1 = C n_1 , as well 
as Example (v). 

If G' 2 p is equivalent to C, then a!' n and 6" are constant vector fields. There- 
fore, g is spanned by the vector fields arising from the action of Gf, and some 
vector fields 

n-l 

fs d/dC s + d/d£, 
^g.d/dC. + id/d£, 

8=1 
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where f s , g s are linear functions of 0, . . . , Cn-i- The one-parameter subgroups 
of G F arising from these vector fields have the forms 

where Rj G fl[ n _i for j = 1, 2, and tgR. Using the normality of Gf in G F 
as above, we see that G F is the group of maps of the form (14. 7p for some 
T G C, where z' and replaced with £ and £, respectively. Thus, we 

have obtained Example (ia) for M' = C™ _1 and Example (iiia). 
If G' 2 p is equivalent to C*, then we have 

< = <9/^, w n = vzd/dt, 

where u,v G C*. Therefore, g is spanned by the vector fields arising from 
the action of Gf , and some vector fields 

n-1 

X)A0/0c+£0/ae, 

s=l 
n-1 

^gsd/dC+itd/dt, 

s=l 

where / s , g s are as in (14.451) . The one-parameter subgroups of G F arising 
from these vector fields have the forms 

where i?, G for j = 1, 2, and r G R. Arguing as above, we see that G F 
is the group of maps of the form 

for some T G C, where £/ G C/ n _ x , a G C n_1 , 6 G C. The action of this 
group on C n_1 x C* is proper if and only if T G M. Thus, we have obtained 
Example (ib) for M' = C n_1 and Example (iiib). 

If G' 2 p is equivalent to T, then the lifts of a!' n and V' n to C are constant 
vector fields. Therefore, q is spanned by the vector fields arising from the 



34 



A. V. Isaev and N. G. Kruzhilin 



action of Gf , and some vector fields 

n-1 

Y^fsd/dC + a':, 

s=l 
n-1 

s=l 

where f s , g s are as in (14 .45 p . and where a"' and are vector fields on T whose 
lifts to C are d/d£ and id/d£, respectively. The one-parameter subgroups of 
G F arising from these vector fields have the forms 

where i?j G 0l„,_i for j = 1, 2, r £ R, and for b G C the map is an element 
of Aut(T) induced by the translation by b on C. Arguing as earlier, we see 
that G F is the group of maps of the form 

Z ^ MO, 

for some T G C, where U G ?7 n _i, a G C n_1 , 6 G C. The action of such a 
group on C x T is proper only for T = 0. Thus, we have obtained Example 
(ic) for M' = C n -\ 

Case 1.1.2. Suppose that hi ^ 0. Since [a n , b n ) is Ad(if)-invariant, we 
have 

[a n , b n ] = rjt (4.46) 

for some rj G R (cf. (14.321) . (I4.33P ). Further, for every r = 1, . . . ,n — 1 we 
have 

&2 ^2 

[*r,On] = ^r/ 1 ^ [U,b n ] = -— /io n , (4.47) 

Next, consider the collections of commutators 

C r := {[a r , a n ], [a r , b n ], [b r , a n ] [b r , b n }} , r = 1, . . . ,n - 1. 

We expand each commutator in C r with respect to the decomposition q = 
fji + f)2 + f) and see what terms can be present in the expansion. 

Case 1.1. 2. a. Suppose that n > 3. In this case we apply transformations 
from Ad(H s ) for 1 < s < n — 1, s ^ r, to every element of C r . This immedi- 
ately yields that the element's expansion does not have terms containing ai, 
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bi for I ^ s,n, and 




ct r a n + (3 r b n (mod + 

(3 r a n + a r b n (mod f)^ + f)), 

7 r a n + 5 r 6 n (mod f)f- + fj), 

-<5 r a n + 7 r 6 n (mod t)i + 



(4.48) 



for some a r , f3 r , 7 r , 5 r G K. 

Case 1.1.2.a.l. Suppose that n > 4. In this case by varying s in the 
above argument we obtain that every element of C r has a zero projection to 
i)i for r = 1, . . . , n — 1. Next, we apply transformations from Ad(Z) to each 
commutator in C r . 

Firstly, assume in addition that k\ ^ ±k2(n — 1) and k\ ^ -iilk^n — 1). 
For such hi , k% a straightforward calculation implies that every element of 
C r is in fact zero. Applying the Jacobi identity to the triple {a r ,b r ,a n } for 
r = 1, ... ,n — 1 and using (14.271) . (14.471) . we see that a = 0. Therefore 
G\p is holomorphically equivalent to C n_1 by means of a map that trans- 
forms G\jK\ into G(C n_1 ). Next, applying the Jacobi identity to the triple 
{a r , a n , b n } and using (14.231) . (14.461) . we obtain that rj = which implies that 
G2P is holomorphically equivalent to C by means of a map that transforms 
G2/K2 into G(C). Therefore, g is isomorphic to the Lie algebra of the group 
G f fe 1) jfc 2 (C n ) defined in Example (vi). 

Every connected Lie group with Lie algebra isomorphic to that of the 
group Gk 1) k 2 (C n ) and containing an {n — l) 2 -dimensional compact subgroup is 
isomorphic either to the group G/ cli / C2 (C ?1 ) or to its finitely-sheeted cover. Let 
(5 be one of these groups. Then every (n— l) 2 -dimensional compact subgroup 
& C C5 is maximal compact. Furthermore, (9 acts effectively 011 0/^ only 
if (3 = Gfc li fc 2 (C n ). Therefore, the group G is isomorphic to G^^^C"), and 
this isomorphism induces a diffeomorphism from G/H onto Gfc 1)/ t 2 (C n )/A', 
where K is a maximal compact subgroup of G^ l ^ 2 {C n ). Next, G / ! Cli fc 2 (C ri )/A' 
is Gfci,fc 2 (C™)" e qm var i an t;ly diffeomorphic to C n . The linearization of the 
action of K on C n at its fixed point px has exactly two non-trivial proper 
real invariant subspaces L±,L2 C T PK (C n ). Their dimensions are 2(n — 1) 
and 2. Observe that there are exactly two non-trivial proper Lif°-invariant 
real subspaces in T p (M), and that these subspaces are in fact complex and 
have complex dimensions (n — 1) and 1. Therefore, L\ and L 2 are complex 
subspaces of T PK (C n ) with respect to the complex structure induced on C n by 
that of M. We will now determine all Gk lt k 2 (C n )-invariant complex structures 
on C n for which L\ and L2 are complex. 

Let P be a Lie group with Lie algebra p and Q a closed subgroup in 
P with Lie algebra q. If the manifold P/Q admits a P-invariant complex 
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structure, then there is a linear endomorphism J of p satisfying the following 
conditions: 

(1) Jq C q, 

(2) J 2 x = —x (mod q) for all x G p, 

(4.49) 

(3) J[x, y] = [x, Jy] (mod q) for all x G q, y G p, 

(4) [Jx, Jy] = [x, i/] + J[Jx, y] + J[x, Jy] (mod q) for all x, y G p, 

and the map J induces a linear transformation J of p/q, which, upon the 
canonical identification of p/q with the tangent space Tq(P/Q), coincides 
with the operator of complex structure on Tq(P/Q) (see |Koszj ). For P = 
Cfc 1 ,fe 2 (C n ), Q = K and J leaving invariant the subspaces L\ and L 2 , condi- 
tions (l)-(3) of (14.491) lead to the following four structures: (a) the standard 
complex structure on C n , (b) the complex structure conjugate to the stan- 
dard one, (c) the complex structures obtained by conjugating the standard 
complex structure in either z' or z n (note that condition (4) does not con- 
tribute any additional information in this situation). The manifold in case 

(b) is holomorphically equivalent to C n by means of a map that preserves 
the group G^^C™). On the other hand, each of the two manifolds in case 

(c) is holomorphically equivalent to C n by means of a map that transforms 
the group Gfc li fc 2 (C n ) into _ fe2 (C n ). Thus, we have obtained Example (vi) 
for n > 4 and k\ ^ ±k 2 (n - 1), ki ^ ±2k 2 (n - 1). 

Assume next that k% = ±2k2(n — 1), that is, k\ = 2(n — 1), k% = ±1. In 
this case the application of transformations from Ad(Z) to the commutators 
in C r does not immediately imply that they are all equal to zero; instead, 
after a short calculation it leads to the following relations 

[a r , b n ) = f3' r a n - a' r b n , 
[b r ,a n ] = Tf3' r an ± a' r bn, 
[b r ,b n ] = ±a' r a n ± (3' r b n , 

for some a' r , (3' r G R, r = 1, . . . , n — 1. Together with (14.481) these relations 
do in fact imply that all commutators in C r are in fact equal to zero, for 
r = 1, ... ,n — 1. Arguing as earlier, we are now led to Example (vi) for 
n > 4 and k\ = ±2k 2 (n - 1). 

Assume finally that k\ = ±k2(n — 1), that is, k% = n — 1, ki = ±1. In 
this case the application of transformations from Ad(Z) to the commutators 
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in C r only yields 

C r C I), 

[a r ,a n ] = ±[b r ,b n ), (4.50) 

[a r ,b n ] = =F[6 r ,a n ]. 

Applying, as earlier, the Jacobi identity to the triple {a r , b r , a n } and using 
(14371) . (OTj) we obtain 

— p,ab n + [[b r ,a n ),a r ] + [[a n ,a r ),b r ] = 0, r = 1, . . . , n - 1. (4.51) 

Due to (I4.19p . (14.501) . the last two terms in the left-hand side of (14.511) lie in 
which implies that o = 0. 

For r = 1, . . . , n — 1 let H r be the subgroup of H° represented in LH° 
by transformations that preserve each of the variables £ r , £ n . Since Ad(H r ) 
preserves each element of C r , we have 

n-1 

[a r ,a n ] = y]iy*t s , 

s=l 
n-1 

[b r ,a n ] = ^2p s r t s , 

s=l 

for some u s r ,p s r G R (see KM ). Now K23\f . (14311 imply that v r r = 0, 
p r r = for r = 1, . . . ,n - 1 (recall that a = 0). Next, from (jPSjl . (14^251) . 
(14.501) and the Jacobi identity applied to the triples {a r ,a s ,a n }, {6 r , 6 s ,a n } 
where s = 1, ... ,n — 1, s ^ r, we see that v s T = p s r = 0. From relations 
(14.501) we now see that for ki = ±k 2 (n — 1) every commutator in C r is zero 
for r = 1, . . . ,n — 1. Arguing as earlier, we obtain Example (vi) for n > 4 
and k\ = ±k2(n — 1). 

Case 1.1.2.a.2. Suppose that n = 3. We first assume that k\ ^ ±k 2 - In 
this case, the application of transformations from Ad(H s ) for s ^ r to the 
elements of C r yields 

[a r ,a 3 ] = a r a 3 + (3 r b 3 (mod [)), 

[a r ,b 3 ] = —(3 r a 3 + a r b 3 (mod f)), 

[6 r ,a 3 ] = 7 r a3 + (5 r 6 3 (mod f)), 

[6 r ,6 3 ] = -5 r a 3 + 7 r 6 3 (mod f)), 

for some a r , /3 r , j r , 5 r G M, r = 1,2 (cf. (I4.48P ). If, furthermore, we have 
ki ^ ±2/c 2 , then the arguments used in Case 1.1.2.a.l work for this case as 
well and lead to Example (vi) for n = 3 and k\ ^ ±&2, k\ ^ ±2/c 2 . 
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Let k\ = ±2k 2 , that is, k\ = 2, k 2 = ±1- As in Case 1.1.2.a.l, the 
application of transformations from Ad(Z) to the commutators in C r yields 



0. 



Yr = 0, 

a r , a 3 ] 
a r , b 3 ] 



0r 

5 r 



0. 



±[6r,6s], 
=F[6 r ,a 3 ]. 



(4.52) 



(cf. (14.501) ) . We now apply transformations from Ad(H r ) to the commutators 
in C r , for r = 1,2. Writing explicitly the action of Ad(H r ) on f) and using 
(14.521) . it is straightforward to see that all commutators in C r are in fact zero, 
for r = 1,2. We then obtain Example (vi) for n = 3 and k\ = ±2k 2 . 

Assume now that k\ = ±k 2 , that is, ki — 1, k 2 — ±1. In this case, the 
application of transformations from Ad(H s ) for s ^ r to the elements of C r 
yields 

: aia 2 + P x b 2 + a x a 3 + j3 x b 3 
: =F/3ia 2 ± ai6 2 - (3ia 3 + a±b 3 
: 7ia 2 + <$i6 2 + 71% + ^b 3 
T^i«2 ± 7i^2 - 0ia 3 + 7163 

= a 2 dl + /3 2 &i + "2^3 + /^2&3 
= =F^ 2 0-1 ± "2^1 - f3 2 Ct 3 + "2&3 

: j 2 ai + S 2 h + y 2 a 3 + #263 
=F<5 2 ai ± 72&1 — 5 2 a 3 + 7263 



[ai,a 3 J 

[01,63] 
[61, 03] 
[61,63] 
[^2,03] 
[02,63] 
[62,%] 



[62,63 



(mod f) 
(mod f) 
(mod f) 
(mod f) 
(mod f) 
(mod f) 
(mod f) 
(mod t) 



for some a r , a r , f3 r , (3 r , y r , %, S r , 5 r 6l,r = 1,2. Applying next transforma- 
tions from Ad(Z) to the commutators in C r gives that all these commutators 
have a zero projection to f) and that 



a., 
TV 



: (3 r = 7 r 

Pn Or 



: 5 r - 
-a r . 



0. 



for r = 1, 2. 
If fca = 1, 



k 2 = —1, then, applying condition (4) of (14.491) to the G- 



invariant complex structure on G/H and the vectors x 



y = a 3 , and 



using the fact that the pull-back to fj of the operator of complex structure 
on Th{G/H) is given by (14.211) in the basis {ot, 6fe}fc = i ) 2 j3 , we obtain that 
a r = 0, f3 r = 0, for r = 1,2. Thus, in this case all commutators in C r are 
zero for r = 1, 2, and we obtain Example (vi) for n = 3 and k\ = 1, k 2 — ±1. 

Assume now that k\ = 1, k 2 — 1. Let be the subgroup of H° rep- 
resented in LH° by transformations preserving the variable £3 and acting 
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on Ci{p) by matrices from the group SU 2 . Applying transformations from 
Ad(H) to the commutators in C r , we see that <S 2 = — &i and p 2 = — Pi- We 
set: a := ati, P := Pi. If a — 0, P — 0, then, arguing as earlier, we obtain 
Example (vi) for n = 3 and ki = 1, k 2 = ±1. Let a 2 + P 2 > 0. We have 



[ai,a 3 ] = 


aa 2 + Pb 2 , 


[a>i,h] = 


-Pa 2 + ab 2 , 


[bi,a 3 ] = 


Pa 2 — ab 2 , 


[61,63] = 


aa 2 + Pb 2l 


[a 2 ,a 3 ] = 


—aai — pbi, 


[02,63] = 


Pai — abi, 


[62,03] = 


— Pai + abi, 


[62,63] = 


—aai — Pbi. 



(4.53) 



We now apply the Jacobi identity to the triples {01,02,03}, {01,62,03}- It 
follows from (TC25D . (14^271) . (14531) that a = 0. Therefore dp is holomor- 
phically equivalent to C 2 . Next, applying the Jacobi identity to the triple 
{01, 03, 63} and using fT4T23|) . flQ6|) . fl433|) . we obtain 77/1 = 2(a 2 + /5 2 ) > 0. 
Therefore, G 2 p is equivalent to CP 1 . It now follows that q is isomorphic to 
the Lie algebra of the group <3 (CP 3 \ CP 1 ) defined in (OH]) . 

Every connected Lie group that has such a Lie algebra and contains a sub- 
group isomorphic to U 2 is isomorphic to the group (5 (CP 3 \ CP 1 ). Therefore, 
G is isomorphic to (CP 3 \ CP 1 ). Under this isomorphism H is mapped into 
a subgroup K C (CP 3 \ CP 1 ) for which is isomorphic to L^- It follows 
from Lemma 14.21 that every connected component of H has the form gH°, 
where g lies in the centralizer of H° in G. It is straightforward to see, how- 
ever, that the centralizer of any subgroup of (CP 3 \ CP 1 ) isomorphic to 
U 2 coincides with the center of this subgroup, and therefore K is connected. 
The isomorphism between G and <3 (CP 3 \ CP 1 ) induces a diffeomorphism 
between G/H and <& (CP 3 \ CP 1 ) /K. 

Observe that there are two kinds of subgroups of (5 (CP 3 \ CP 1 ) isomor- 
phic to U 2 . Subgroups of the first kind are conjugate to the subgroup K x for 
which A = and V is diagonal; subgroups of the second kind are conjugate 
to the subgroup K 2 for which A = and U is diagonal (see (14.181) ). There 
exists an automorphism of (CP 3 \ CP 1 ) that maps K 2 into K\. Indeed, 
every map of the form (14.181) is determined by the matrix 

Cuy, A ■= ( yj- 

The automorphism of (CP 3 \ CP 1 ) that maps K 2 into Ki corresponds to 
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the following transformation of such matrices 



Cu,V,A ^ (Cu,v,a) 



-1 



where T a denotes the operation of taking the transpose of a matrix with 
respect to its anti-diagonal. 

Thus, we can assume that an isomorphism between G and <S (CP 3 \ CP 1 ) 
is chosen so that H is mapped into a subgroup of the first kind. It is then 
clear that the manifold (CP 3 \ CP 1 ) /K is (5 (CP 3 \ CP^-equivariantly dif- 
feomorphic to CP 3 \ {w = 0} (see Example (xi)). The linearization of the 
action of K on CP 3 \{«; = 0} at its fixed point pk has exactly two non-trivial 
proper real invariant subspaces L\, L 2 C T PK (CP 3 \{w = 0}). Their dimen- 
sions are 2 and 4, and they are in fact complex subspaces with respect to the 
complex structure induced on CP 3 \ {w = 0} by that of M. To determine all 
(J5 (CP 3 \ CP 1 ) -invariant complex structures on CP 3 \ {w = 0} for which L\ 
and L 2 are complex, we again use conditions (I4.49p . In this case they lead ei- 
ther to the standard complex structure on CP 3 \ {w = 0} or to its conjugate. 
The manifold corresponding to the latter structure clearly is holomorphically 
equivalent to CP 3 \ {w = 0} by means of a map that preserves the group 
(S> (CP 3 \ CP 1 ). Thus, we have obtained Example (xi). 

Case 1.1.2.b. Suppose that n = 2. In this case the group H is 1- 
dimensional and we apply transformations from Ad(H°) to the commutators 
in C\. If k\ ^ ±2&2, k 2 ^ ±2k\, we obtain that every element in C\ is zero, 
which leads, as before, to Example (vi) for n = 2 and k 2 ^ ±&i, k\ ^ ±2k 2 , 



Assume that k\ = ±2k 2 , that is, k% — 2, k 2 — ±1- In this case we obtain 



If ki — 2, k 2 — — 1, then, applying condition (4) of (14.491) to the G-invariant 
complex structure on G/H and the vectors x — a\, y — a 2 , and using the fact 
that the pull-back to f)- 1 of the operator of complex structure on T H (G/H) is 
given by (I4.2ip in the basis {a^, b k } k= i j2 , we obtain that a — 0, /3 — 0. Thus, 
in this case all commutators in C\ are zero, and we obtain Example (vi) for 
n = 2 and k\ — 2, k 2 — ±1. 

Assume now that ki — 2, k 2 — 1. If a — 0, (5 — 0, then we obtain 
Example (vi) for n = 2 and k\ = 2, k 2 — ±1. Let a 2 + j3 2 > 0. Applying the 
Jacobi identity to the triple {ai,bi,a 2 } and using f)4.27p . (14.471) . f)4.54p . we 



k 2 ±2A;i. 



[ai,a 2 ] 
[61,02] 
[01,62] 
[61,62] 



aa 2 + (3b 2 , 
T/3a 2 ± ab 2 , 

(3a 2 - ab 2l 
±aa 2 ± f3b 2 . 



(4.54) 
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see that \io = — 4(a 2 + f3 2 ) < 0, and hence G±p is holomorphically equivalent 
to B 1 . Furthermore, applying the Jacobi identity to the triple {01,02,62} 
and using (I4.23p . (I4.46p . (14.541) . we obtain that 77 = 0. Therefore, G 2 p is 
equivalent to C. It now follows that g is isomorphic to the Lie algebra of the 
group (5 (B 1 x C) defined in Example (ix). 

Every connected Lie group with Lie algebra isomorphic to that of the 
group (3 (B 1 x C) and containing a 1-dimensional compact subgroup is iso- 
morphic either to the group (S(M 1 xC) or to its finitely-sheeted cover. Arguing 
as in Case 1.1.2.a.l, we see that G is isomorphic to (^(B 1 x C). This isomor- 
phism induces a diffeomorphism from G/H onto ©(B 1 xC)/K, where K is a 
maximal compact subgroup of ^(B 1 x C). Next, (25 (B 1 x C)/K is ^(B 1 x C)- 
equivariantly diffeomorphic to B 1 x C. As in Cases 1.1.2.a.l and 1.1.2.a.2, 
we are now led to determining all 0(B X x C)-invariant complex structures 
on B 1 x C for which the non-trivial proper real invariant subspaces of the 
linearization of the action of K at its fixed point are in fact complex lines. 
Conditions (14.491) yield in this case the standard complex structure on B 1 x C 
and its conjugate. It is straightforward to see that the manifold arising from 
the latter complex structure is equivalent to B 1 x C by means of a map that 
preserves the group (25 (B 1 x C). Thus, we have obtained Example (ix). Ob- 
serve further that the case k 2 = ±2&i differs from the case that we have just 
considered by the permutation of the indices and therefore leads to Example 
(ix) as well. 

Case 1.2. Suppose that S± is not a Lie subalgebra in g. For any vi,v 2 G 
f)f consider the commutator [v 1, v 2 \ and write it in the general form [v 1, v 2 ] = 
a + b + c, where a G b G f)^, cG 1). Applying to this identity the element 
of Ad(Z) that acts as —id on f)^, we see that a = 0, hence the projection of 
[ifi, to fjf is trivial (cf. fljjj) ). 

Case 1.2.1. Suppose that k 2 = 0. If in the above argument V\ G ^p r and 
v 2 G for t, s — 1, . . . , n— 1, r ^ s, then we apply to the commutator [v 1, v 2 ] 
the transformation from Ad(H r ) that acts as —id on *}3 r . Since Ad(H°) acts 
trivially on f)^-, we immediately see that [vi, v 2 ] G i). Arguing now as in Case 
1.1, we obtain (jOBl 

Since Si is not a Lie subalgebra of f) and (14.191) holds, it follows that 
for some 1 < r < n — 1 the commutator [a r ,6 r ] has a non-zero projection 
to f)£. Write [a r , b r ] in the general form [a r , b r ] = b + c, where 6, c are as 
above with b 7^ 0, and let [a s , b s ] = b' + c' be an analogous decomposition for 
1 < s < n - 1, s / r. Applying to [ transformation from Ad(iJ°) 

that interchanges a r with a s and b r with b s , we see that b' = b. Observing, 
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in addition, that [a r , b r ] is Ad (H 8 ) -invariant for s = 1, . . . , n — 1, we obtain 

n-1 

[a r , b r ] = ua n + Kb n + cffis; r = l, ...,n — 1, (4.55) 

8=1 

for some k, 6 R with u; 2 +/t 2 > (cf. (14.27P ). Applying to identity f!4.55j) 
transformations from Ad(if °) that interchange a r with a s and b r with 6 S for 
s = 1, . . . , n — 1, s 7^ r, leaving the other elements of the basis {a^, 6fe}fc=i,..., n 
fixed, we see that (f r — cr| := a for r, s = 1, . . . , n — 1. 

Next, we note that relations fl4.28p - fl4.34p remain true in this case as well. 
We now define a' n and b' n by formulas (14.351) and observe, as in Case 1.1.1, 
that relations (I4.36P hold. Hence the subspace S' 2 of q spanned by a' n , b' n is 
a Lie subalgebra in q. Clearly, we have ^(p) — G' 2 p, and forgeG the leaf 
$2(gp) is an orbit of gGi^g" 1 . The orbit G' 2 p is holomorphically equivalent to 
one of V>, C, C*, or an elliptic curve T by means of a map that transforms 
G' 2 /K' 2 into one of G(V>), Gi(C), Aut(C*)°, or Aut(T) , respectively, where 
K 2 is the discrete ineffectivity kernel of the G' 2 -action on G' 2 p. 

Using a' n , b' n , we can rewrite identity (14.551) as 

n-1 

[a r , b T ] = ua' n + nb' n + ^2 a %' r = 1, . . . , n - 1, 

s=l 

for some a' s r G R, with a' r r = a — ((3 + 8) / fi := a' for all r. Now the Jacobi 
identity applied to all triples {a r ,b r ,a s } with r, s = l,...,n — 1, r 7^ s, 
together with (14.231) . (I4.25p . (I4.36P implies that a' s r = 0, and therefore we 
have 

[a r , b r ] = ua' n + nb' n + a't r , r = 1, . . . , n — 1. (4.56) 

Next, the Jacobi identity applied to the triples {a r , b r , a' n } and {a r , b r , b' n } 
for r = 1, . . . , n - 1, together with (jPgjl . (JOBJ, (jQ5]| yields 

+ 2ac<j = 0, ki/ + 2cm = 0, 
tup - 270; = 0, wi/ - 27K = 0, (4.57) 
ao' = 0, 7cr' = 0, 

Let D be the Lie algebra generated by <Si. It follows from the above 
discussion that has dimension n 2 . Moreover, from (I4.28p . (I4.36p . (I4.57P 
we see that is in fact an ideal in g. Let V C G be the normal connected 
(possibly non-closed) subgroup with Lie algebra t>. Clearly, H° lies in V. 
The orbit Vp is a (possibly non-closed) real hypersurface in M, and the 
complex subspaces in C\ at the points of Vp give complex tangent spaces 
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to Vp. Since LH° acts transitively on directions in C(p) and [a r ,6 r ] 7^ for 
r — 1, . . . , n — 1, the hypersurface Vp is strongly pseudoconvex. 

For a strongly pseudoconvex hypersurface S we denote by AxxX,cr{S) the 
Lie group of CR- automorphisms of S. We have Autcii{Vp) > n 2 , and there- 
fore dim V p > (n — l) 2 . Hence p is an umbilic point of Vp, which due to the 
homogeneity of Vp yields that Vp is spherical. Since V is normal in G, it 
follows that every orbit of V in M is a spherical hypersurface CR-equivalent 
to Vp. 

In [13] (see also [14]) we listed all C-R-homogeneous spherical CR-manifolds 
S of dimension 2n — 1 for which Autcjj(S') > n 2 , with n > 2. Proposition 
3.3 of [H] gives that Vp is CR-equivalent to one of: 



(a) 


a lens space := S 2n 1 /Zi for some I G N; 




(b) 


S := {(z',z n ) G C™- 1 xC:Re2 n = |^| 2 }; 




(c) 


T := {(z', z n ) G C"- 1 x C : \z n \ = exp (|^'| 2 )}; 




(d) 


tt := {{z',z n ) G C™- 1 x C : \z'\ 2 + exp (Re z n ) = 


i}; 


(e) 


E £ := {{z', G C"- 1 x C : \zf + \z n \ £ = 1, 2 n 


7^0}, 



for some e > 0. 



Furthermore, since the group V acts properly and effectively on Vp, Proposi- 
tion 3.4 of [H] yields that a C ^-equivalence map can be chosen to transform 
V\v P into one of the following groups, respectively: 

(a) H £l := U n /Z V , 

(b) the group TZs which consists of all maps of the form 

z' ^ Uz' + a, 

z n i-> z n + 2(Uz', a) + \a\ 2 + ib, 
where U G U n -%, a G C n_1 , 6 G R, and (■,■) denotes the inner product in 

(c) the group IZy which consists of all maps of the form 

z' ^ Uz' + a, 

z n 1— > e^expf 2(Uz', a) + \a\ 2 )z n , 
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where U, a are as above, and ip G M; 
(d) the group TZq which consists of all maps of the form 

Az' + b 



z' 



cz' + d' 

z n !— * z n — 2 ln(cz' + d) + ia, 
where A, b, c, d are as in (14.21) . and aGl; 
(e) the group 7Ze e which consists of all maps of the form 

Az' + b 



z' 



cz' + d ' 

e^z n 

Zn ^ (cz' + d)^' 

where A, b, c, d are as in (14.21) . and ip G E. 

Suppose first that V is a closed subgroup in G. Then acts properly 
on M and therefore every orbit of V is closed in M. Under this assumption, 
arguing as in Section 3.4 of [H] (see also Theorem 2.7 in |IKruj for case 
(a) with / = 1), one can determine M. We will treat each of cases (a)-(e) 
separately. 

Suppose that Vp is Ci?-equivalent to £/ for some I G N. Then M is 
holomorphically equivalent to one of 

(al) S RuR2)l := {z G C n : R\ < \z\ < R 2 } /Z,, < R, < R 2 < oo, 
(a2) M d /Z u d G C*, \d\ 4 1, 

where is a Hopf manifold (see Example (vii)). Observe that if in subcase 
(al) we have either R\ > or R 2 < oo, then Aut(S , fl li ^ 2i /) = IZ^ and hence 
Sr u r 2> i does not admit an action of an (n 2 + l)-dimensional group for such R 1 , 
R 2 - Therefore, in subcase (al) we in fact have R\ = 0, R 2 = oo, (note that 
So,oo,z = C n */Zi). Furthermore, in each of subcases (al), (a2) an equivalence 
map can be chosen to transform V into TZq [ . 

Suppose next that Vp is CR-equivalent to E. Then M is holomorphically 
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equivalent to one of 

(bl) £ fllifla := {{z',z n ) G C"- 1 x C : R x + \zf <Rez n < R 2 + \z'\ 2 } 
— oo < Ri < R 2 < oo, 



(b2) C"- 1 x C*. 

Observe that if in subcase (bl) we have Ri > — oo and R 2 < oo, then 
Aut(E J j l J?2 ) = 7£ 2 and hence ^R lt R 2 does not admit an action of an (n 2 + 1)- 
dimensional group for such Ri, R 2 . Therefore, in subcase (bl) we have either 
Ri = — oo, R 2 < oo or Ri > — oo, R 2 = oo or Ri = — oo, R 2 = oo (note that 
S-oo,_r 2 is equivalent to if i?2 < oo (see (I4.17P ). £r 1j0 o is equivalent to V> 
if i?i > — oo (see (14.161) ). and S_ 00j00 = C n ). Furthermore, an equivalence 
map can be chosen so that it transforms V in subcase (bl) into IZs and in 
subcase (b2) into the group of maps 

z' i — ► Uz' + a, 

z n i — ► expfA(2(L r z / , a) + |a| 2 + ib)^z n , 

where [/ G C/ n _i, a G C n_1 , 6 G R, and A is a fixed complex number with 
ImA ^ 0. 

Suppose that Vp is Ci?-equivalent to T. Then M is holomorphically 
equivalent to one of 

(cl) T RljR2 := {(z',z n ) G C"- 1 x C : R x exp (\z'\ 2 ) < \z n \ < R 2 exp {\z'\ 2 )} , 
< i2i < i? 2 < oo, 



(c2) C"" 1 x T, 



where T is an elliptic curve. Observe that if in subcase (cl) we have R\ > or 
R 2 < oo, then Aut(T J j l fi2 ) = TZy and hence T RljRa does not admit an action 
of an (n 2 + l)-dimensional group for such Ri, R 2 . Therefore, in subcase (cl) 
we have Ri = 0, R 2 = oo, (note that T 0iO o = C™ -1 x C*). Furthermore, an 
equivalence map can be chosen so that it transforms V in subcase (cl) into 
TZy and in subcase (c2) into the group of maps 

z' h-> Uz' + a, 

W 



-7iJ 



e^exp (2(Uz',a) + \a\" I :„ 



where U G U n -±, a G C" and ip G 



Here T is obtained from 



taking the quotient with respect to the equivalence relation z n ~ dz n , 
some d G C*, \d\ ^ 1, and G T is the equivalence class of a point z n G 



by 

for 
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Suppose next that Vp is CR-equivalent to f2. Then M is holomorphically 
equivalent to one of 

(dl) n RuR2 := {(z',z n ) G C™- 1 x C : \z'\ < 1, 

i?i(l - \z'\ 2 ) < exp (Rez n ) < R 2 (l - k'| 2 )}, 
< R l < R 2 < oo, 

(d2) B n-1 x C*. 

Observe that if in subcase (dl) we have R\ > or R 2 < oo, then Aut(f2^ 4 j? 2 ) = 
TZn and hence fi^,^ does not admit an action of an (n 2 + l)-dimensional 
group for such Ri, R 2 . Therefore, in subcase (dl) we have R\ = 0, R 2 = oo, 
(note that Qq ;0O = B n_1 x C). Furthermore, an equivalence map can be cho- 
sen so that it transforms V subcase (dl) into TZq and in subcase (d2) into 
the group of maps 

Az' + b 
cz + d 



(cz' + d) 2 ^ 

where A, b, c, d are as in (14.21) . fel, and A is a fixed complex number with 
ImA ^ 0. 

Suppose that Vp is CR-equivalent to E £ for some e > 0. Then M is 
holomorphically equivalent to one of 

(el) E Rl ^ £ := jV, z n ) G C^ 1 x C : \z'\ < 1, 

i2i(l - \zf)V* < \z n \ < R 2 (l - \z'\ 2 )V*y 
< R x < R 2 < oo, 

(e2) B n_1 x T, 

where T is an elliptic curve. Observe that if in subcase (el) we have R± > 
or R 2 < oo, then Aut(E Rl)R2)e ) = 7Ze £ and hence E RliR2jB does not admit an 
action of an (n 2 + l)-dimensional group for such R±, R 2 . Therefore, in subcase 
(el) we have R 1 = 0, R 2 = oo, (note that E 0tOO ^ e = B n_1 x C*). Furthermore, 
an equivalence map can be chosen so that it transforms V subcase (el) into 
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1Ze e and in subcase (e2) into the group of maps 



z' 



i— >• 



Az' + b 
cz' + d ' 




n 



{cz' + d) 2 /c 



where A,b,c,d are as in (14. 2 j) . and ?/> G IKL Here T is obtained from C* by 
taking the quotient with respect to the equivalence relation z n ~ c?2; n , for 
some d E C* , \d\ ^ 1, and G T is the equivalence class of a point z n G C*. 

We will now determine the groups into which G is transformed under the 
above equivalences. Observe that for every point q G M the fixed point set 
J-yo of the identity component of the isotropy subgroup V q of q with respect 
to the action of V contains the leaf ^(oO- Examining the fixed point sets of 
the isotropy subgroups with respect to the action of the group into which V 
is transformed in each of the cases listed above, we see that Fyo is always 
a connected complex curve in M and therefore £2(9) = f° r Q £ M. 
This implies that the leaves of #2 are equivalent to C* in subcase (al); to 
an elliptic curve T in subcase (a2); to V> if either R\ = —00, R 2 < 00 or 
Ri > —00, R 2 = 00, and to C if Ri = —00, R2 = 00 in subcase (bl); to C* 
in subcase (b2); to C* in subcase (cl); to an elliptic curve T in subcase (c2); 
to C in subcase (dl); to C* in subcase (d2), to C* in subcase (el); and to an 
elliptic curve T in subcase (e2). 

If the leaves of # 2 are equivalent to one of C, C*, T, then the algebra S' 2 
is commutative, and therefore p = v — 0. Due to (14.571) this implies that 
a = 7 = 0. It now follows from (14.281) . (14.361) that the Lie subalgebra S' 2 
lies in the center of q. Fix v G S' 2 , v G" D, and consider the one-parameter 
subgroup {Q (t) }teR of holomorphic transformation of M arising from v. Since 
{{?(£) }teiR h es m the center of G, in all the subcases, except for (bl) with either 
Ri = —00, R 2 < 00 or Ri > —00, R 2 = 00, {Q(t)} t (zR is transformed into a 
one-parameter subgroup of holomorphic automorphisms of the corresponding 
manifold whose every element commutes with every element of the group into 
which V is transformed. Looking at the explicit forms of the groups that 
appear in all the subcases one can determine the form of the subgroup into 
which {G(t)}t£m is transformed. This yields that the group G is transformed 
into the group defined in (14.141) in subcase (al); into the group defined in 
(14.151) in subcase (a2); into the group defined in (14. 8 j) for T = 2 in subcase 
(bl) if R\ = —00, R 2 = 00; into the group defined in (14. 10p for T = 2 A 
in subcase (b2), into the group defined in (14.101) for T = 2 in subcase (cl); 
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into the group defined in (14.12ft for T = 2 in subcase (c2); into the group 
defined in ( 14.31) for T = — 2 in subcase (dl); into the group defined in (14.51) 
for T = — 2A in subcase (d2); into the group defined in (14. 5p for T = — 2/e 
in subcase (el); and into the group defined in (14.61) for T = —2/e in subcase 
(e2). Thus, these subcases lead to the following examples: (al) to (viia), (a2) 
to (viib), (bl) for R x = -oo, R 2 = oo to (iva), (b2) to (ivb) with e iT & R, 
(cl) to (ivb) with e iT G R, (c2) to (ivc) with e ir G R, (dl) to (iia), (d2) to 
(iib) for T G C* \ R*, (el) to (iib) for T G R*, and (e2) to (iic) for T G R*. 

It remains to consider subcase (bl) with either Ri = — oo, R 2 < oo or 
i?i > — oo, R 2 = oo. Applying a translation in z n we can assume that R 2 = 
in the first case and Ri = in the second case. Every element of Aut (EL^o) 
extends to an element of Aut(C n ) that preserves the domain So j00 (which is 
equivalent to B n ). It is easy to see that every such map belongs to the group 
G-p defined in Example (viii). Hence if R\ = — oo, R 2 = 0, the group G 
is transformed into G-p. Suppose now that Ri = 0, R 2 = oo (hence M is 
holomorphically equivalent to B n ). Since the subgroup V is normal in G, the 
foliation of M by V^-orbits is G- invariant. It is straightforward to show that 
every element of Aut (£ 0)OO ) that preserves the foliation of S 0iO o by 7?.s-orbits 
lies in the group G-p. Hence if R\ = 0, R 2 = oo, the group G is transformed 
into Gp as well. Thus, if exactly one of R\, R 2 is infinite, subcase (bl) leads 
to Examples (viiia), (viiib). 

Assume now that V is not closed in G. This implies that the orbit Vp 
accumulates to itself (in the sense explained in the proof of Theorem 13.11 
above). Hence Vp is non-compact and thus is CR-equivalent to one of S, 
T, Q, E £ , for some e > 0. Clearly, the intersection := Vp H G' 2 p is H°- 
invariant. Furthermore, since H° acts trivially on G' 2 p, every point in is a 
fixed point of H°. A direct examination shows that for each of the groups TZj^, 
Tlx, Hn, T^e £ the fixed point set of the isotropy subgroup of every point in 
E, T, Q, E £ , respectively, is a connected smooth curve. It is straightforward 
to observe that every such a curve is an orbit of a one-parameter subgroup 
of one of TZy,, TZx, T^n, T^E e , respectively, and that no proper subset of the 
curve is an orbit of a one-parameter subgroup of any of these groups. 

Let v be a non-zero vector tangent to each of Vp and G' 2 p at p and 
{G(t)}teR a one-parameter subgroup of G' 2 such that v = d/dt (Q(t)p)\ t=0 . 
Since the foliation of M by ^-orbits is G-invariant and the foliation ^2 is 
G- invariant as well, the vector field arising from the action of {G{t)}t^R on 
M is tangent to each of Vp and G 2 p at all points. In particular, the orbit 
{Q(t)p}teR lies in ST. Since {{?(£) }t £ R preserves Vp, it is a one-parameter 
subgroup of V, and the discussion in the preceding paragraph yields that S~ 
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coincides with the orbit {G(t)p} t <zR. Since Vp accumulates to itself, so does 
the orbit {G(t)p} te R- 

Recall that G' 2 p is holomorphically equivalent to one of V > , C, C*, or 
an elliptic curve T by means of a map that transforms G' 2 / K 2 into one of 
G(V>), Gi(C), Aut(C*)°, or Aut(T) , respectively, where K' 2 is the ineffec- 
tivity kernel of the G' 2 -action on G' 2 p. It then follows that the only case in 
which G 2 has a one-parameter subgroup for which there exists an orbit in 
G' 2 p that accumulates to itself is when G 2 p is equivalent to T. In this case 
S' 2 is commutative, i.e. p = v — 0, and hence a = 7 = (see (14.571) ). Now 
(14.281) . (I4.36P imply that the Lie subalgebra S' 2 lies in the center of g. 

Since V is not isomorphic to for any I G N, its Lie algebra is 
isomorphic to either the Lie algebra of IZ^ or to the Lie algebra of TZq, (observe 
that 7Zj] covers TZy and IZq covers 1Ze e for all e > 0). Therefore, g is 
isomorphic to either the Lie algebra of <5(C n ) (see (14.81) for T = 1) or to the 
Lie algebra of G (B™ _1 x C) (see g3} for T = 1), respectively. 

Let M be the universal cover of M and II : M — > M a covering map. 
We lift the complex structure on M to M and consider the group G C 
Aut(M) that consists of all lifts of all elements of G to M. If <S is a G- 
invariant Riemannian metric on M, then the lift of £f to M is a G-invariant 
Riemannian metric on M. To show that G acts properly on M, we will prove 
that G is a closed subgroup of the group Isom(M, £f ) of all isometries of M 
with respect to <S endowed with the compact-open topology. Indeed, let {/„} 
be a sequence in G that converges in Isom(M, £f) to an isometry F. Consider 
a sequence {/ n } in G such that /„ is a lift of f n to M for every n. It then 
follows that {/„} converges to a smooth map F : M —>■ M uniformly with 
all derivatives on compact subsets of M. Considering the sequences {f^ 1 } 
and {f^ 1 } °f the inverse maps, we see that F is in fact a diffeomorphism 
of M. Clearly, F is a lift of F to M. Since G is closed in Diff(M), we 
have FeG, hence F e G. Thus, G acts effectively and properly on M by 
holomorphic transformations and so does G" := G°. Clearly, the group G' 
covers G, and let & : G' — > G be the natural covering map. Fix p e II -1 (p) 
and let H' := G'p. We identify M as a smooth manifold with G'/H'. The 
subgroup if' is connected, compact, and we have ^{H') = H°. 

Suppose first that q is isomorphic to the Lie algebra of 0(C n ). One can 
verify that every connected group with Lie algebra isomorphic to that of 
(25 (C™) and having a compact subgroup ^ such that 0/^ is simply-connected 
and (5 acts on 0/^ effectively, is isomorphic to (5(C n ) in which case ^ is a 
maximal compact subgroup of 0. For every maximal compact subgroup K 
of (J5(C n ) the quotient <&(C n )/K is 0(C")-equivariantly diffeomorphic to C n . 
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The linearization of the action of K on C n at its fixed point px has exactly 
two non-trivial proper even-dimensional real invariant subspaces Li,L 2 C 
T PK (C n ). Their dimensions are 2(n — 1) and 2. As earlier, using conditions 
(14.491) we will find all 0(C n )-invariant complex structures on C n for which 
Li and L 2 are complex subspaces. Every such structure turns out to be 
holomorphically equivalent, by means of a map preserving the group (55 (C n ), 
to a complex structure for which the corresponding operator at the origin 
has the form 

x r i > y ri 

Vr X r , , 45g) 

x n ^ wx n + uy n , 
y n i-> vx n - wy n , 

where r = 1, . . . , n — 1, v , u, w G M, w 2 + uv = —1, Xk = Rez/;, yu = Im^ 
for k = 1, . . . , n. One can now verify that the diffeomorphism 

Vr l-> Vr, 

i i n_1 1 
« + 2 , 1 

l— ^ ~ ^ / \ x r * Vr ~ x ni 

r=l 
n-1 

W 2 2\ w 

Vn l-> -— > (X r + + — X„ + J/ n , 

2u ^— f it 

r=l 

where r = 1, . . . , n — 1, preserves the group (J5(C n ) and establishes holomor- 
phic equivalence between C n equipped with the above complex structure and 
C n equipped with the standard complex structure. 

Thus, M is holomorphically equivalent to C n by means of a map that 
transforms G' into 0(C n ). Let F be the group of deck transformations of 
the cover II : M — > M. Since T lies in the centralizer of G' in Aut(M), it 
follows that, upon the identification of M with C n and C with (J5(C n ), every 
element of V has the form 

Zr ^ Zr \ (4.59) 

where r = 1, ... ,n — 1 and c G C. In particular, T C (3(C n ), and there- 
fore, upon the identification of M with C n /T, the group G is identified with 
<8(C n )/T. It is clear that C n /T admits a <3(C n )/T-invariant foliation by 
elliptic curves only if V has two generators. Thus, M is holomorphically 
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equivalent to C n x T, where T is an elliptic curve, by means of a map 
that transforms G into a group of maps of the form (14.121) for some T G C*. 
Since V is not closed in G, the number T cannot be real for any factorization 
C — ► C* — > T. Thus, we have obtained Example (ivc) for e lT K. 

Suppose next that g is isomorphic to the Lie algebra of G (B™ -1 x C). 
We will proceed as in the case considered above. It is straightforward to 
verify that every connected group (9 with Lie algebra isomorphic to that of 
G (IB" -1 x C) and having a compact subgroup 8. such that (5/8. is simply- 
connected and & acts on effectively, is isomorphic to G (IB™ -1 x C) 
in which case ^ is a maximal compact subgroup of (J5. For every maxi- 
mal compact subgroup K of G (B n-1 x C) the quotient G (B n-1 x C) /K is 
G (B n-1 x (C)-equivariantly diffeomorphic to B n_1 x C. The linearization of 
the action of K on B" -1 x C at its fixed point px has exactly two non-trivial 
proper even- dimensional real invariant subspaces Li,L 2 C T Px (B n-1 x C). 
Their dimensions are 2(n — 1) and 2. Using conditions (14.491) we can deter- 
mine all G (B ra_1 x (C)-invariant complex structures on B n_1 x C for which L\ 
and L 2 are complex subspaces. Every such structure turns out to be holomor- 
phically equivalent, by means of a map preserving the group G (B n_1 x C), 
to a complex structure for which the corresponding operator at the origin 
has the form (I4.58p . One can now verify that the diffeomorphism 




where r = 1, . . . , n— 1, preserves the group G (B n-1 x C) and establishes holo- 
morphic equivalence between B™ -1 x C equipped with this complex structure 
and B n_1 x C equipped with the standard complex structure. 

Thus, M is holomorphically equivalent to B™ -1 x C by means of a map 
that transforms G' into G (B™ _1 x C). Let, as before, T be the group of deck 
transformations of the cover II : M — > M. Since T lies in the centralizer 
of G' in Aut(M), it follows that, upon the identification of M with B™ -1 x 
C and G' with G (B n-1 x C), every element of Y has the form fT4T59D . In 
particular, V C G (B n-1 x C), and therefore, upon the identification of M 
with (B n_1 x C) /r, the group G is identified with G (B n_1 x C) /Y. Clearly, 



52 



A. V. Isaev and N. G. Kruzhilin 



(B n_1 x C) /r admits a G (B n_1 x C) /T-invariant foliation by elliptic curves 
only if T has two generators. Thus, M is holomorphically equivalent to 
B n_1 x T, where T is an elliptic curve, by means of a map that transforms 
G into a group of maps of the form (14. 6[) for some T G C*. Since V is not 
closed in G, the number T cannot be real for any factorization C —>■ C* — > T. 
Thus, we have obtained Example (he) for T G C* \ R*. 

Case 1.2.2. Suppose that k 2 ^ 0. Since the commutators [ d r , 6 r ] , are 
Ad(-ff s )-invariant for r, s = 1, . . . , n — 1, it follows, as in Case 1.1, that (I4.26P 
holds. Together with (14. 19j) this implies that for n = 2 the subspace Si is a 
Lie subalgebra of q, which contradicts our assumptions. Hence n > 3. We 
will now obtain a similar contradiction for n > 4 thus proving that in fact 



We showed at the beginning of Case 1.2 that [f)^, f)j"] has a zero projection 
to f)^. Let V\ G ^p r , t>2 G for 1 < r, s < n — 1, r ^ s, and write the 
commutator [fi,f2] in the general form [fi,f2] = b + c, where b G f)^, c G f). 
If n > 4, we apply to this commutator a transformation from Ad(i?°) that 
acts as —id on f)^ and trivially on each of ^l r , ^3 S . This immediately gives 
that 6 = 0, that is 



Relations f!4.19p . (14.261) . f!4.60p imply that Si is a Lie subalgebra of q for 
n > 4. Thus, we have shown that in Case 1.2.2 we have n = 3. 
Let C be the following collection of commutators 



We now apply transformations from Ad(Hi) to the elements of C. If ki ^ 
±&2, we immediately obtain that C C f). Taken together with (I4.19p . (14.261) . 
this implies that Si is a subalgebra of g, once again contradicting our assump- 
tions. Hence we have ki = ±&2, that is, ki — 1, k\ = ±1. The application of 
Ad(H r ) for r = 1, 2 to the commutators in C then yields 



n = 3. 



PPr, tys]ct), r, s = 1, . . . , n - 1, r ^ s, n > 4. 



(4.60) 



C:={[ai,a 2 ], [01,62], [61, a 2 ], [61,62]}- 



[ai,a 2 ] 
[ai,6 2 ] 
[61, a 2 ] 
[61,62] 



7a 3 + (56 3 (mod fj), 

=F5a 3 ±76 3 (mod f)), 

=F<5a 3 ±76 3 (mod h), 

-7a 3 -56 3 (modi)), 



(4.61) 



for some 7, 5 G M, 7 2 + <5 2 > 0. 

If fci = 1, k 2 = —1, then, applying condition (4) of (14.491) to the G- 
invariant complex structure on G/H and the vectors x — a\, y — a 2 , and 
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using the fact that the pull-back to f) of the operator of complex structure 
on Th(G/H) is given by (14.211) in the basis {0^,6^)^=1,2,3, we obtain that 
7 = 0, 5 = 0. This contradiction shows that in fact k\ = 1, k 2 = 1. 

Now the application of transformations from Ad(Z) to the commutators 
in C implies 

[ai,a 2 ] = [61,62] (mod f)£), 

(4.62) 

[&i,a 2 ] = -[ai,6 2 ] (mod 

and we denote the ^-components of [01,02] and [61, a 2 ] by c and d, respec- 
tively. Applying once again transformations from Ad(Hi) to the elements of 
C and comparing the h-components, we see that c and d are represented by 
matrices of the form (I4.20p for which the corresponding matrices 21 are 



v \ ( %v 
-V I ' I iz7 



(4.63) 



respectively, for some i> G C. 

Further, arguing as in Case 1.1. 2. a. 2, we observe that relations ( 14.531) hold 
for some a, (3 G M and that 

2(a 2 + /^ 

o 3 , 63 = 1 - 

/i 

Next, applying to [ 1,2, the transformation from Ad(H°) that 

interchanges ai with 02 and 61 with 62, we see that ( 14.261) simplifies to 

[ai,6i] = ati + rt 2 , , 4g4 ^ 
[02,62] = rti + ot 2 , 

for some a, r 6 M. 

Let i? be the element of f) for which the matrix 21 in representation 
(T4T20D is ( ° 1 J . It now follows from (14231) . (jQgj) . (jOD . (|462|) . (T4T63D . 



v « , 

(14.641) and the Jacobi identity applied to the triples {01,61,02}, {01,61,03}, 
{ai, 61, R} that 



r = 0, 



2 ' ■-- (4.65) 



aS + /?7 = 0, /3o~ — cry = 

Assume first that a = 0, (3 = 0. In this case relations (I4.65P yield that 
q is isomorphic to the Lie algebra of the group (?3(C 3 ) defined in Example 
(xii). Every connected Lie group (5 with Lie algebra isomorphic to that of 
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Gs(C 3 ) and having a compact 4- dimensional subgroup A such that <5 acts 
on effectively, is isomorphic to (^(C 3 ) in which case ^ is a maximal 
compact subgroup of (55. Therefore, the group G is isomorphic to G^C 3 ), 
and this isomorphism induces a diffeomorphism from G/H onto Gz(C 3 )/K, 
where K is a maximal compact subgroup of G 3 (C 3 ). Next, Gs(C 3 )/K is 
G3(C 3 )-equivariantly diffeomorphic to C 3 . The linearization of the action of 
K on C 3 at its fixed point px has exactly two non-trivial proper real invariant 
subspaces £1,-^2 C T PK (C 3 ). Their dimensions are 2 and 4. As earlier, all 
G3(C 3 )-invariant complex structures on C 3 for which L\ and L2 are complex 
subspaces can be found using conditions (14.491) . In this case the conditions 
lead to either the standard complex structure on C 3 or to its conjugate. The 
manifold arising in the latter case is holomorphically equivalent to C 3 by 
means of a map that preserves the group G 3 (C 3 ). Thus, we have obtained 
Example (xii). 

Assume now that a 2 + [3 2 > 0. In this case relations (I4.65P imply that q 
is isomorphic to the Lie algebra of Sp2 ■ Every connected Lie group with Lie 
algebra isomorphic to that of Sp2 and containing a subgroup isomorphic to 
U2, is isomorphic to 5^2/^2- Therefore, G is isomorphic to Sp2/Z*2- Under 
this isomorphism H is mapped into a subgroup K C Sj^/Z^ for which K° is 
isomorphic to Ui- Now, arguing as in Case 1.1. 2. a. 2, we observe that K is con- 
nected. Indeed, the centralizer of any subgroup of Sp2/1>2 isomorphic to U2 
coincides with the center of the subgroup. The isomorphism between G and 
Sp2j1>2 induces a diffeomorphism between G/H and [Spi/'L-i) /K. Since K is 
connected, the manifold {Spi/lt^) /K is S^/Z^-equivariantly diffeomorphic 
to CP 3 . The linearization of the action of K on CP 3 at its fixed point px has 
exactly two non-trivial proper real invariant subspaces Li,L 2 C T PK (CP 3 ). 
Their dimensions are 2 and 4. As earlier, to determine all S^/Z^-invariant 
complex structures on CP 3 for which L\ and L2 are complex subspaces, we 
use conditions (14.491) . They lead either to the standard complex structure 
on CP 3 or to its conjugate. The manifold corresponding to the latter struc- 
ture clearly is holomorphically equivalent to CP 3 by means of a map that 
preserves the group Spi/^i- Thus, we have obtained Example (x). 

Case 2. Suppose that k\ = ±k 2 . Assume first that k\ — 1, — — 1. 
Clearly, M° := G/H° is a finite-to-one cover of G/H, and we lift to M° 
the G-invariant complex structure induced on G/H by that on M. The 
group G acts on M° properly and effectively by holomorphic transformations 
with connected isotropy subgroups, and the linearization of the action of 
the subgroup H° on M° at the point H° G M° is given by H\_ x in some 
coordinates in T H o(M°). This linearization has exactly two invariant complex 



Proper Actions on Complex Manifolds 



55 



lines h, l 2 in T H o(M°). Let 

£j '■= {dg(H )lj,g G G) , j = l,2. (4.66) 

Clearly, Cj is a G-invariant distribution of complex lines on M° for each j. 
We will now reason for the manifold M° in the way we did for the manifold 
M in Case 1, with Sj constructed from Cj, j = 1, 2. First of all, the argument 
at the beginning of Case 1.2.2 shows that (14.271) holds and that S\ is a Lie 
subalgebra of g. We will therefore repeat for the manifold M° the arguments 
that we applied to M in Case 1.1.2. Transforming the commutators in C\ by 
the elements of the group Ad(H°), we obtain 

Ci c f), 

K,« 2 ] = -[h,b 2 ], (4.67) 
[01,62] = [bi,a 2 ]. 

The Jacobi identity applied to the triple {a 1 ,6 1 ,a 2 } together with (14.231) . 
(14.271) . (I4.67P now implies that all commutators in C\ are zero. 

As in Case 1.1.2, we are now led to the problem of determining certain 
Gi i _i(C 2 )-invariant complex structures on C 2 . Observe, however, that in 
contrast with Case 1.1.2, for a maximal compact subgroup K C Gi _i(C 2 ) 
the linearization of K at its fixed point px has many non-trivial proper 
real invariant subspaces in T Px (C 2 ). All such subspaces have dimension 2. 
Therefore, for every pair of invariant subspaces L\,L 2 C T PK (C 2 ) we look for 
all Gi 5 -_i(C 2 )-invariant complex structures on C 2 , with respect to which L\ 
and L 2 are complex lines. As before, we use conditions (14 .49 p . It turns out 
that for every complex structure of this kind there is a biholomorphic map 
onto C 2 that either preserves the group Gi j _i(C 2 ) or transforms it into the 
group Gi i i(C 2 ). Such a biholomorphic map is given by a composition f\ o f 2 , 
where f\ is one of the three maps 

Z\ 1— > Z\, Zi hH> Zi, z x ^ zl, 
Z 2 !->• zi, z 2 i-> zi, Z 2 Z 2 , 

and f 2 is a map of the form 

Zx h-> olzx + pzi, 
Z 2 h-> + 8zi, 

for some a,[3,j,5 G C. As a result, we obtain that M° is holomorphi- 
cally equivalent to C 2 by means of a map that transforms G (regarded as 
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a subgroup of Aut(M )) into one of the two groups Gi ) ±i(C 2 ). Since every 
compact 1-dimensional subgroup of Gi,±i(C 2 ) is connected, it follows that 
H° = H, hence M is holomorphically equivalent to M° by means of a map 
that transforms G into Gi t ±i(C 2 ). Thus, we have obtained Example (vi) for 
n = 2 and ki — 1, k 2 = ±1. 

Suppose now that k\ = k 2 = 1 and consider the manifold M° := G/H°, 
as above. The group G acts on M° properly and effectively by holomorphic 
transformations with connected isotropy subgroups, and the linearization of 
the action of the group H° on M° at the point H° e M° is given by H 2 X 
in some coordinates in T#o(M°). Choose two arbitrary complex lines 1%, / 2 
in T H o(M°) and define Cj for j = 1,2 by formula (14.661) . Clearly, Cj is a 
G-invariant distribution of complex lines on M° for each j. We will now 
reason for the manifold M° in the way we did for the manifold M in Case 1. 
Again, we see that (14.271) holds and that Si is a Lie subalgebra of q. We will 
therefore repeat for the manifold M° the arguments that we applied to M 
in Case 1.1.2. Transforming the commutators in C\ by the elements of the 
group Ad(H°), we obtain 



The Jacobi identity applied to the triple {01,61,02} together with (14.231) . 
(14.271) . ( 14.68P implies that all commutators in C\ are zero. 

As in Case 1.1.2, we are now required to determine certain Gi ; i(C 2 )- 
invariant complex structures on C 2 . Again, in contrast with Case 1.1.2, 
for a maximal compact subgroup K C Gi 5 i(C 2 ) the linearization of K at 
its fixed point px has many non-trivial proper real invariant subspaces in 
T PK (C 2 ), all of dimension 2. Again, using conditions (14 .49 L for every pair 
of invariant subspaces Lx,L 2 C T PK (C 2 ) we look for all Gi i i(C 2 )-invariant 
complex structures on C 2 , with respect to which Li and L 2 are complex 
lines. It turns out that the resulting complex structures are as follows: (a) 
the standard complex structure on C 2 , (b) the complex structure conjugate 
to the standard one, (c) the complex structures obtained by conjugating the 
standard complex structure on one complex line in C 2 while preserving the 
standard structure on another complex line. Clearly, the manifolds arising 
in (b) and (c) are holomorphically equivalent to C 2 by means of a map that 
either preserves the group Gi^(C 2 ) or transforms it into Gi i _i(C 2 ). Hence 
we obtain that M° is holomorphically equivalent to C 2 by means of a map 



Ci c fj 

[ai,a 2 ] 
[ai,b 2 ] 



[61, a 2 ]. 



(4.68) 
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that transforms G into one of the two groups G\ t ±i(C 2 ). As above, this leads 
to Example (vi) for n = 2 and k± — 1, k2 — ±1. 

The proof of the theorem is now complete. □ 
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